CHARACTER SHEAVES ON DISCONNECTED GROUPS, I 



G. Lusztig 



Introduction 



Our aim in this series of papers is to develop a theory of character sheaves on 
a not necessarily connected reductive algebraic group G. In the case of connected 
groups such a theory appeared in [L2] , [L3] . An extension to disconnected groups 
has been sketched in [L4] without proofs; here we try to give a fuller and more 
precise treatment and to supply the proofs that were missing in [L4]. The main 
object of the theory, the character sheaves of G, are certain simple perverse sheaves 
on G, equivariant with respect to the conjugation action of the identity component 
of G. At least for connected G (over a finite field) the character sheaves are 
intimately related with the characters of irreducible representations of the group 
of rational points of G and such a relationship is also expected in the disconnected 
case. The theory of character sheaves on G is also crucial for the classification 
of " unipotent representations" of simple p-adic groups [L5] and here one is forced 
to allow G to be disconnected if one wants to include p-adic groups that are not 
inner forms of split groups. 

The present paper tries to extend parts of [L2,§l-§4] from the connected case to 
the general case. We develop enough background so that we are able to define (see 
6.7) the notion of "admissible complex" on G, one of the two incarnations of the 
character sheaves of G. One of the themes of this paper is the construction of a de- 
composition of G into finitely many strata (generalizing a construction in [L2, 3.1]), 
see §3. Each stratum is a locally closed, irreducible, smooth subvariety of G. Each 
stratum is a union of G°-conjugacy classes of fixed dimension; more precisely, the 
centralizers of two points in the same stratum have G°-conjugate identity compo- 
nents. Also, the closure of any stratum is a union of strata. Each stratum carries 
some natural local systems which extend to intersection cohomology complexes 
on the closure, which we also describe by a direct image construction, using the 
dimension estimates in §4. 

I wish to thank F. Digne and J. Michel for some useful comments on [L4]. 
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1. Preliminaries on reductive groups 

1.1. We fix an algebraically closed field k. All algebraic variety are assumed to 
be over k. All algebraic groups are assumed to be affine. 

We shall use the following notation. If H is a group, the centre of H is denoted 
by Z H - if H' is a subgroup of H, let N H (H') = {h E H; hH'h' 1 = H'}. If in 
addition H" is a subgroup of H, let Z H >{H") = {ti E H'-h'h" = ti'ti W E 
H"}; if h E H, let ZH'(h) = {h' E H'; h'h = hh'}. If H is an algebraic group, we 
denote by H° the identity component of H and we set H ss = H/Zjjo', for h E H 
we denote by h s (resp. h u ) the semisimple (resp. unipotent) part of h, so that 
h = h s h u = h u h s . If X is a subset of H we set X s = {h s ; h E X}. The unipotent 
radical of H (assumed to be connected) is denoted by Uh- 

We fix an algebraic group G such that G° is reductive. (We then say that G is 
reductive.) Let q = Lie G. 

1.2. Let T be a torus and let / : T — > T be an automorphism of finite order with 
fixed point set T^.We show that 

(a) the homomorphism (T* )° x T — > T, (t, x) i— > xtf(x)~ 1 is surjective. 
This can be reduced to an analogous statement about a finite dimensional Q- 
vector space V and a linear map (j) : V — > V of finite order: the linear map 
Ker((p — 1) x V — > V, («;, v ) t— > w + v — (p(v) is surjective. 

1.3. Let g E G. We show that 

(a) the homomorphism (Zq {) n Zoig)) x — > Z^,„,(t, x) i— > xtgx~ 1 g~ 1 is 
surjective. 

Ad(g) : — * is of finite order since some power of g is in G°. Therefore 
(a) is a special case of 1.2(a). 

1.4. Let g E G. Then g normalizes some Borel of G°, see [St, 7.2]. Following 
[St, 9], we say that g is quasi- semisimple if there exist a Borel £? of G° and a 
maximal torus T of B such that gBg~ x = B, gTg~ x = T. If g is semisimple then 
it is quasi-semisimple, see [St, 7.5, 7.6]. More generally, by an argument similar 
to that in [St, 7.6], we see that 

(a) if g is semisimple and P is a parabolic of G° such that gPg~ x = P then 
there exists a Levi L of P such that gLg~ x = L. 
Here are some further results. 
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(b) If g is semisimple or, more generally, quasi- semisimple then Z G (g) is re- 
ductive. See [Sp, 1.17, 2.21]. 

(c) g is quasi- semisimple if and only if g u is quasi- semisimple in the reductive 
group Z G (g s ). See [Sp, 2.22]. 

(d) If g is quasi- semisimple and T\ is a maximal torus of Z G (g)° then there 
is a unique maximal torus T of G° such that T\ C T. See [Sp, 1.15]. (We have 
necessarily T = Z G o(Ti), T x = (T fl Z G (g))°.) 

(e) g is quasi- semisimple if and only if the G° -conjugacy class of g is closed in 
G. See [Sp, 1.15]. 

1.5. Assume that s G G is semisimple. Let T\ be a maximal torus of Z G (s)°. 
Clearly, some power of s is in Z Za ( s )o hence in T\ (since Z G (s)° is reductive). Thus, 
the subgroup (s)Ti generated by s and T\ is a closed diagonalizable subgroup of 
G with identity component T\. For any character a : (s)Ti — * k* let g a = {x G 
0; Ad(a)x = a(a)x Va G (s)Ti}. Then g — ® a g a . Let R be the set of all a such 
that a ^ l,g tt / 0. For a G R we have necessarily dimg a = 1. (Compare [L5, 
6.18].) We have 0i = Lie T where T = Z G o(Ti). 

1.6. Let £(G°) be the set of all pairs (S, T) where S is a Borel of G° and T is a 
maximal torus of B. The group Aut(G7°) of automorphisms of G° acts naturally on 
E(G ). It is known that to G° one can associate canonically an algebraic variety 
E(G°) whose points are called "epinglages" with the following properties. 

(i) There is a natural action of Aut(67°) on E(G°) which restricts to a free 
transitive action of the group of inner automorphisms of G° on E(G°). 

(ii) There is a natural Aut(G°)-equivariant map p : E(G°) — > E(G°). 

1.7. Let g G G. Assume that Ad(#)e = e where e G E(G°). Let (B,T) = p(e). 
Then gBg~ x = B, gTg~ l = T hence g is quasi-semisimple. In particular, Zc(g) is 
reductive. The following results are known. 

(a) Z B (g)° is a Borel of Z G (g)°. 

(b) Z° ZG(g)0 = (Z G o n Z G (g)f; 

(c) P I— > Zp(g)° is a bisection between the set of parabolics of G° that contain B 
and are normalized by g and the set of parabolics of Z G (g)° that contain Zsig) ; 
moreover, if L is a Levi of P then Z^g) is a Levi of Zp(g)°. 

1.8. Assume that u G G is unipotent and (B,T) G E(G°) is such that uBu~ x = 
B, uTu~ l = T. We show that 

(a) there exists e G E(G°) such that p(e) = (B,T),Ad(u)e = e. 
Let E' = {e G E(G°);p(e) = (B, T)}. Then T acts transitively on E' . Moreover, 
Ad(u)E' = E'. Hence the subgroup (u)T generated by u and T acts on E'. 
Since u G N G T and (N G T)° = T, some power of u belongs to T. Hence (u)T 
is a closed subgroup of G with identity component T. Let eo G E' . We have 
Ad(w)eo = Ad(t _1 )eo for some t G T. Thus, tu belongs to the stabilizer of eo 
in (u)T, a closed subgroup of (u)T. Then the unipotent part (tu) u also belongs 
to this stabilizer that is, Ad((tu) u )eo = eo- The image of (tu) s in the unipotent 



4 



G. LUSZTIG 



group ((u)T)/T must be 1. Hence (tu) u has the same image as tu or as u. Thus, 
(tu) u = t'u where t' G T and we have Ad(i'it)eo = eo with t'u unipotent. By 
1.2(a) with / : T — > T, /(#) = uxu~ x (of finite order), we have £' = t<it\ut i" 1 ^ -1 
for some ii, G T with -u^ = tiu. Then t'u = t^txut^ . Since £2 is semisimple and 
it commutes with t\uU[ x which is unipotent, we see that tjut^ 1 = (t'u) u = t'u 
we see that t'u = tiut^ 1 . Thus Ad(tiut± 1 )eo = eo hence Ad(u)e = e where 
e = Ad(ti) _1 e . This proves (a). 

1.9. Let Dbea connected component of G which contains some unipotent element 
of G. Then 

(a) D contains a unique closed unipotent G° -conjugacy class; this is the set of 
unipotent, quasi- semisimple elements in D. See [Sp, 2.21]. 

1.10. Let P be a parabolic of G° and let L be a Levi of P. Let g G N G Ln G N G P. 
We show that 

(a) Z G o((Z L nZ L (g))°) = L. 
Let L' = Zqo((Zl H Ziig)) )- Then L' is a reductive, connected subgroup of G° 
and L C Z/. Moreover, P n L' is a parabolic subgroup of V with Levi L. We 
have gL'g~ l = L', g(P n L')g~ x = Pf]L'. If (a) is true for NqL', P n L', L, ^ 
instead of G, L, P, (7, then we would have Zl>((Zl H Z^g)) ) = L. Hence L' = L. 
Thus, to prove (a), we may assume that L' = G° and we must show that L = G°. 
Replacing g by a left L-translate, we may assume that there exists (Pi, T) G E(L) 
such that gE>ig~ l = Bi,gTg~ x = T. Since g normalizes Up, it also normalizes 
the Borel P = B x Up of G°. Let e G P(G°) be such that p(e) = (P,T). Then 
p(Ad(^)e) = (P,T). We can find (70 G (?° such that Ad(g)e = Ad((7o)e hence 
(P,T) = (goBg^^oTgQ 1 ) and ^0 G T, Ad(gQ 1 g)e = e. Replacing g by g^ 1 g 
we may assume in addition that Ad(g)e = e. Then automatically Ad(g) fixes an 
epinglage of L which lies over (B 1 , T) G E(L). By 1.7(b) for (g, G) and (g, L), we 
have 

(z G0 n z G (<7))° = z° Zgo{9)0 , (z l n z L G/))° = z° ZL(g)0 . 

Since L' = G°, we have (Z L nZ L (<7)) C (Z G of]Z G (g))°, hence Z^ (ff)0 C ^ go(5) o- 
Since Z L (g)° is a Levi of a parabolic of Z G o(g)° (see 1.7(c)), we have Z L (g)° = 
Zz G o( 9 y>(Zz L{g) o) hence Z L (^)° = Z G o{g)°. It follows that Z P (<7) = Z G o(g)°. 
Using 1.7(c) we deduce that P = G° hence L = G°. This proves (a). 

1.11. Let P be a parabolic of G°. Let s G N G P be semisimple. Then 

(a) Up fl -Z'g('S) is connected. 
Since s normalizes Pp, this follows from [B, 9.3]. 

1.12. Let P be a parabolic of G°. Let s G A^P be semisimple. Choose a Levi L 
of P such that s G N G L. (See 1.4(a).) Let Q = Z G (s)° n P. We show: 

(a) Q is a parabolic of Z G (s)° with Levi Zl(s)° and Uq = Up fl Z G (s); 

(b) Zl(s)° and Z G (s)° have a common maximal torus and Z Zg ( s )° C Zz l ( s )°- 
We prove (a). By 1.4(b) (for G or for N G L), Z G (s) and Zn g l(s) are reductive. 
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Since Zg(s)°/Q is a closed subvariety of the projective variety G/P, it is itself 
a projective variety. Hence Q is a parabolic of Zg(s)°. Now Up D Zg(s) = 
UpnZ G (s) (see 1.11) is a normal unipotent subgroup of Q hence it is contained 
in Uq. Since L has finite index in NqL, Zl(s) has finite index in Zn g l(s) hence 
Zl(s) is reductive. Let y G Q. Then y G P hence we can write uniquely y = 
i« where x & L,u <E Up. Since sys -1 = y we have y = and 
sxs -1 G T, s-us -1 E Up. By uniqueness we have sxs -1 = x^sus -1 = u. Thus, 
x G Zl(s), u G Up fl Zg(s). The map y ^ i is a morphism of algebraic groups 
f : Q Zl(s). Since C} is connected, /(Q) is contained in Z^s) . We see that 
Q = Z L (s)°(U P n Z G (s)). Clearly, Z L (s)° n (tf P fl Z G (s)) = {1}. Since Z L (s)° is 
reductive and Up fl Z G (s) C £/q, it follows that (a) holds. 

We prove (b). Let Ti be a maximal torus of Z^s) . Let T 2 be a maximal 
torus of Z G (s)° containg Ti. By 1.4(d) (for N G L instead of G), f := Z L {T X ) is 
a maximal torus of L. By 1.4(d) (for 67), T := Z G o(T2) is a maximal torus of 
6?°. Now (Zl H Zx,(s))° is contained in Zz L ( s ) hence is contained in T\. Hence 
Zqo(Ti) C Zgo((Zl H Zl(s))°) = L where the last equality comes from 1.10(a). 
Since T C Z G o(Ti), it follows that T C L and since Ti C T and T is commutative, 
we have T C Z^(Ti) = T. Since T, T are maximal tori of 6?°, we must have T = T. 
By 1.4(d) we have Ti = Z f (s)°, T 2 = Z T (s)°. It follows that Ti = T 2 . This proves 
the first assertion of (b). Since Zg(s)° is reductive, its centre is contained in any 
maximal torus of Zg(s)°, in particular in T 2 . Since T\ = T 2 and Ti C Zl(s)°, we 
see that Z Z(S ( s y) C Zl(s)° and (b) follows. 

1.13. Let P be a parabolic of 6?°. Let s G A^g-P be semisimple. Assume that 
Z G (s)° C P. We show: 

(a) there is a unique Levi L of P such that Zg(s)° C L. We have s G NqL. 
Let To be a maximal torus of Zg(s) . Let T be a maximal torus of P containing To. 
By 1.4(d), Zgo(To) is a maximal torus of 6?°. It contains T hence it is equal to T. 
Clearly, Z G o(T ) is normalized by s; hence sTs -1 = T. Let L be the unique Levi 
of P such that T C L. Now sLs -1 is a Levi of sPs -1 = P containing sTs -1 = T. 
By uniqueness, we have sLs -1 = L. By 1.12(a), t/pflZc^s) equals the unipotent 
radical of Zp(s)° = Zg(s)° hence it is 1. This implies, by 1.12(a), that Zp(s)° 
is a parabolic of Zg(s)° with Levi Z^(s) and with unipotent radical {1}. Hence 
Zp(s)° = Zg(s)° = Zl(s)°. In particular, Zg(s)° C L. This proves the existence 
of L. Assume now that V is another Levi of P such that Zg(s)° C L'. Since 
T C Zg(s)°, we have T C T'. Hence T is contained in a maximal torus T" of L'. 
Now T' is also a maximal torus of 6?°. Since To is contained in a unique maximal 
torus of G° (see 1.4(d)) we have T = T' . Thus, L,L' are Levi subgroups of P 
containing a common maximal torus of P. It follows that L = L' . This proves (c). 

1.14. Let g G G be quasi-semisimple and let Ti be a maximal torus of Zg(^)°. 
Let Af = {ne G°; n^n" 1 = #Ti}. We show: 

(a) J\f° = Ti hence M jT\ is finite; 

(b) any element of gT\ is quasi-semisimple; 
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(c) any quasi- semisimple element g' in gG° is G° -conjugate to some element in 

gT i; 

(d) two elements g\g" G gT\ are in the same G°-conjugacy class if and only 
if they are in the same Af jT x - orbit on gT\ for the Af jT\- action induced by the 
conjugation action of Af on gT\ . 

(Closely related results for non connected compact Lie groups appear in [D].) 

We prove (a). Let T be the unique maximal torus of G° such that T\ C T. We 
have Ti = (T fl Z G (g))°. (See 1.4(d).) If n G Af then ngn' 1 = gr with r G Ti 
and gTi = ngT\n~ x = grnT\n~ x hence r?Tin _1 = T\. Thus, Af C N G o(Ti). 
Since Af° C Nqo(Ti) we must have Af° C Z G o(T\) = T by a standard rigidity 
argument. If n G Af° then ngn~ x = gt n with t n G Ti; since n G Zqo(Ti), we see 
that n I— > £ n is a morphism of algebraic groups / : A/" — * T\ . Clearly, we can find 
k > 1 such that is in ^z G (s)° hence in Ti (since Zg(s)° is reductive). Then 
g k = ng k n~ 1 = (ngn~ x ) k = (gt n ) k = g k t k hence t k = 1 for all n G Af°. Thus, 
f(Af ) is contained in a finite subgroup of Ti; being connected, it is {1}. Thus 
A/" C TnZ G (g) hence A/" C (TnZ G (#))° = T x . The inclusion T x C Af° is obvious 
and (a) follows. 

We prove (b). The conjugation action of Ti on the variety of all Borels of G° 
that are normalized by g must have a fixed point since this variety is projective. 
Thus there exists a Borel B of G° such that T x C B 7 gBg~ x = B. Now Ti is 
contained in some maximal torus of £?, which is necessarily T, by the definition 
of T. Since gTg~ l is a maximal torus of G that contains T, we have gTg~ x = T 
(again by the definition of T). If t G Ti then t normalizes both B and T since 
t G T. Hence normalizes S and T. Thus, gt is quasi-semisimple. 

We prove (c). Let T[ be a maximal torus in Zoig') - As in the proof of (b) 
we can find a Borel B' of G° and a maximal torus T' of £?' such that T[ C T' 
and g'B'g'- 1 = B'.g'T'g'- 1 = V. We can find h E G° such that /iS'/i" 1 = 
B.hT'h- 1 = T (with S,T as above). Let = /i^'/i" 1 . Then g"Bg"- x = 
B.^'Tg"- 1 = T. We also have gBg~ l = B,gTg~ x = T. We have g" = gy 
where y G G° satisfies yBy~ x = B,yTy _1 = T. It follows that y G T. Since a 
power of g is in T l5 Ad(#) : T T has finite order. Using 1.2(a) we can write 
V = 9~ 1 y29V2 1 yi with y 2 G T,yi G (T n ^ G (^))° = Ti. Then #y = y^gy^. We 
see that gj/ is T-conjugate (hence G°-conjugate) to gyi. Hence g 1 is G°-conjugate 
to gyi G gT\. This proves (c). 

We prove (d). Let g', g" G gT\ be such that g" = xg'x~ x where x G G°. We have 
g" = gt with t ET\. Clearly, T\ is a maximal torus of Zcig') and a maximal torus 
of Z G (#")°. Then x~ x T x x is a maximal torus of Z G {x- x g"xf = Z G (g')°. The 
maximal tori Ti,x~ x Tix of Z G (g')° are conjugate in Z G (g')° that is, there exists 
2 G Z G (g')° such that ^x _1 Tio:2; _1 = T^. Let n = zx~ x . We have nT\n~ x = T\ 
and n~ 1 g'n = xz~ 1 g'zx~ 1 = xg'x~ x = g" . We have n~ x gT\n = n~ x g'T\n = 
g"n- x T x n = g"T x = gT x so that n~ x G Af. This proves (c). 

1.15. We shall need the following result. 

(a) The number of unipotent G-conjugacy classes of G is finite. The number of 
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unipotent G° -conjugacy classes of G is finite. 

These two statements are clearly equivalent. In the case where G = G° is con- 
nected, (a) is proved in [LI]. The author handled also the general case by a method 
similar to that in [LI]. See [Sp, 4.1]. 

1.16. Let x £ Hom(k*,G?°). For any k G Z we set g fc = {x G g;Ad(x(a))x = 
a k x Va G k*}. Then J2 k>0 Qk = Lie P x for a well defined parabolic P x of G°. 
We have J2k>o Qk = Lie L/p x . 

1.17. Let Q be a parabolic of G°. Let o G NqQ. We show that: 

(a) £/iere exists u G Uq and x £ Hom(k*,G?°) smc/i t/iat gx{ a )d~ l = "ux(a)w _1 
/or a/Z a G k* and P x = Q. 

Let 7r : Q — > Q/Uq be the obvious map. As one easily checks, one can find 
X 1 G Hom(k*,G°) such that x'(k*) C tt -1 ^/^) and P x' = Q- Let T be a 
maximal torus of 7r _1 (Zg^ [/Q ) that contains %'(k*). We can find n > 1 such that 
g n G C}. For j G [0,n — 1], o J To _J is a maximal torus of tt~ 1 (Zq^ Uq ), a connected 
solvable group with unipotent radical Uq. Hence we can find Uj G Uq such 
that o J To _J = UjTuJ 1 . Define Xj £ Hom(k*,T) by Xj(°0 = w" 1 g^x'{ a )g~^ u j 
and x G Hom(k*,T) by x( a ) = Xo(a)xi( a ) • • -Xn-i(o). Define an automorphism 
/ : Z° /[/q - Z° /[/q by /(*(*)) = ^(axa- 1 ) for all z G tt" 1 ^/^). For a G 

k* we have 7r( X (a)) = 7r( X / (a))/(7r( X / (a)))/ 2 (7r(x'(a))) • • • /""^'(a))). Since 
/ n = 1 it follows that f(iv(x(a))) = vr(x(a)) that is, n(gx(a)g- 1 ) = n(x(a)). 
By a standard argument, if A, A' G Hom(k*,Q) are such that 7r(A(a)) = 7r(A'(a)) 
for all a G k*, then there exists u G £/q such that A(a) = wA^a)^ -1 for all a. 
Thus, there exists u E Uq such that ox(a)o _1 = ifx(°)it _1 f° r an a - We have 
P Xj = u~ x giP x ig~iuj = uJ 1 g j Qg~ j Uj = u~ 1 Quj = Q. Hence the k*-action 
a I— > Ad(xj(a)) has > weights on Lie Uq and < weights on g/Lie Q. Since 
these actions (for j = 0,l,...,n — 1) commute with each other, it follows that the 
k*-action a i— > Ad(x(a)) = Ad(xo(«))Ad(xi(«)) • • • Ad(x n _i(a)) has > weights 
on Lie Uq and < weights on g/Lie Q. Hence P x = Q. This proves (a). 

1.18. Let g G G. Let Q be a parabolic subgroup of Zg(o s )° such that g u QgZ X = 
Q. We show that 

(a) there exists a parabolic P of G° such that PnZa(g s )° = Q and gPg~ x = P. 
By 1.17, we can find x : k* — ► Zg(o s )° such that P x (relative to Zc(g s )°) is 
Q and there exists u G Uq such that guX^du 1 = u x( a ) u ~ 1 f° r an a G k*. 
Since o s x( a )fi r 7 1 = x( a ) f° r an a > we have ox( a ) 0_1 = wx(«) , u _1 for all a. Define 
X : k* -> G°,x' : k* - G° by *(a) = *(a), X» = ^(^a" 1 = nx^" 1 for all 
a. Let P = P x (relative to 67). From the definition we have Lie PflLie Zc(g s )° = 
Lie Q. Hence P H Z G (g s )° = Q. We have oPo -1 = P^ = uPu' 1 = P since 
u G £/q C Q C P. This proves (a). 

1.19. Let T, T' be tori and let / G Hom(T ; , T) be surjective. Let r : T — > T,r' : 
T" — * T' be automorphisms of finite order with fixed point sets T r , T /r such that 
fr' = rf. We show that 
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(a) / restricts to a surjective homomorphism (T' T )° — > (T r )°. 
This can be reduced to the analogous statement where T, T' are replaced by their 
groups of co-characters tensored by Q. In that case we use the fact that an 
automorphism of finite order of a finite dimensional Q-vector space is semisimple. 

1.20. Let 7r : G — > G ss be the canonical map. Let a E G be semisimple. Let 
4> : Zq(ci) — » Zq ss (n(a))° be the homomorphism induced by n. We show that 

(a) <p is surjective and Ker(0) C 2>z G (a) ' 

(b) <fi induces a surjective homomorphism -2^ G (a)° — > ^z G (7r(o)) 0- 

Let I be the image of 4>. Let T be a maximal torus of Zq ss (7r(a))°. Then 
T' = 7r _1 (T) is a torus in G° and Ad(a)(T') = T". Moreover, since Z G oT' 
has finite index in NqT' , we see that there exists an integer n > 1 such that 
Ad(a) n (t') = t' for all t' E V. Let T" = {f E T' ; Ad(a) (f) = t'}°. The obvious 
homomorphism T' — > T restricts to a homomorphism T" — > T' which is surjective, 
by 1.19(a). Since T" C Zg(ci) , we see that T' C /. Thus, I contains the union of 
all maximal tori of Zg ss (n(a))°, which is dense in Zg bs (7r(o))°, since ZG sa {^{a))° 
is reductive, connected. Thus, I is dense in Zg bs (n(a))°. It is clearly closed, hence 
I = Zg 3S (7r (a)) . This proves the first assertion of (a). The second assertion of 
(a) is obvious. Now (b) is a special case of the following general statement. Let 
H — > H' be a surjective homomorphism of connected reductive groups whose ker- 
nel is contained in the centre of H. Then the induced homomorphism Z® H — > Z Q H , 
is surjective. 

1.21. If D is a connected component of G, we set 

(a) D Z G o = Z G o n Z G {g) 

where g E D. (This does not depend on the choice of g.) We write D Z Q0 instead 
of ( d Zqo)°. Now let A be a subset of D stable under G°-conjugacy. We show: 

(b) if D Z G0 X CX, then Z Q0 X C X. 

(The converse is obvious.) Let z E Z G0 ,g E X. We must show that zg E X. 
Clearly, some power of g is in G° hence some power of Ad(g) : Z Q0 — > Z Q0 is 1. 
Using 1.2(a), we can write z = txgxg~ l witht E (Z GO nZG(g))° = D Z Q0 , x E Z Q0 . 
Then zg = txgx~ x E txXx~ x = tX = X. This proves (b). 
Consider the Z Q0 x G°-action 

(c) (z, x) : y I— > xzyx~ x 

on G or D. This restricts to a D Z Q0 x G°-action on G. From (b) we see that 

(d) The action (c) of Z G0 x G° on D and its restriction to D Z G0 x G° have 
exactly the same orbits, that is, any orbit for one action is an orbit for the other 
action. 

1.22. Let C be an orbit of the Z Q0 x G°-action 1.21(c) on G. Let D be the 
connected component of G that contains C. Let C' = {y E D;y s E C s }. We show: 

(a) C s and C' are closed in G and y i— > y s is a morphism C' — » C s ; 

(b) if C is the closure of C in G and h E C then there exists hi E C such that 
h a = h' s and h'~ x h E Z G (h s )°. 



CHARACTER SHEAVES ON DISCONNECTED GROUPS, I 



9 



We prove (a). Let a E C. By 1.21(d), we have C = {xzax' 1 -^ EG°,zE D Z G o}. 
For x,z as above we have (xzax~ 1 ) s = xza s x~ x since z = z s ,za = az. Thus, 
C s = \xza s x~ x \x E G°,z E D Z G0 }, so that C s is an orbit for the action 1.21(c) 
of D Zq x 67° on G. We may assume that G is generated by D. Then D Z G0 is a 
closed normal subgroup of G and we may form G' = G/ D Z G0 . Let tt : G — > G' 
be the obvious homomorphism. Then n(C s ) is a semisimple G7 /0 -conjugacy class 
in G' hence n(C s ) is closed in G' by 1.4(e). Let G' C 67L n (k) be an imbedding 
of algebraic groups with n > 1. Let Y be the (semisimple) class in GL n (k) 
that contains 7r(C s ). Let Y' = {h £ GL n (h);h s E Y}. It is well known that 
Y' is closed in 67L n (k) and Y' — > Y, g i— > g s is a morphism of varieties. Hence 
Y' fl 67' is closed in 67' and p : Y' C\ C Y n G',g h- > (7 S is a morphism of 
varieties. Let X = {g E rc(D);g s E 7r(C s )}. Since 7r(C s ) is closed in F fl 67' and 
X = p~ 1 (n(C s )) fl n(D), we see that is closed in Y' fl G' . Next we note that 
C' = 7r" 1 (A'). (The inclusion C C 7r _1 (Af) is obvious; the reverse inclusion follows 
from the equality d Zq C s = C s .) We see that C is closed in D. Let a G C s . Let 
be the isotropy group of a in D Zq x 67° (which acts transitively on C s ). Let 
R = {g E D; g s = a}. The D ^go x 67°-action on D restricts to an action on C 
and this restricts to an if-action on R which induces an isomorphism of algebraic 
varieties { D Zq Q x G°) x h R —> C . Via this isomorphism and the isomorphism 
( d Zq x G°) xh {a} ^ C s , the map C — * C s ,g \— > g s becomes the morphism 
{ D Z^ x G°) x H R — > [ D Z^, x G°) x H {a} induced by the obvious map R {a}. 
It follows that C — * C s , g i— > g s is a morphism of algebraic varieties. This proves 
(a). 

We prove (b). We have C C D. From (a) we see that g ^ g s is a, morphism C — > 
C s . This morphism is equivariant with respect to the actions 1.21(c) of d Zq x G° 
(transitive on C s ). Since C is a dense subset of C invariant under this action, it 
follows that for any a G C s , the intersection of C with C a = {x G C;x s = a} is 
dense in C a . Take a = h s . Then any connected component c of C a contains some 
point of C fl C a - Let c be the connected component containing h. Let h! G C He. 
Then h' s = a. Since C a C Zg{cl) we have c C Zc(a). More precisely, c is contained 
in a connected component of Zo(a). Thus h'~ 1 h G Zg(o)°. This proves (b). 

1.23. Let c be a G°-conjugacy class in G. Let -D be the connected component of 
G that contains c. Let V = {z E D Zq ; zc = c}. We show: 

(a) T is finite. 

Let c G c. If z G r, then = = gcg~ x hence ^c s = c s z = gc s g~ x for 
some g E G°. Let Ti be a maximal torus of Z G (c s )°. We have D Z°„ C T x . By 
1.4(a), 1.4(d), the G°-conjugacy class of c s intersects c s T\ in a finite set that is, 
F := {hcgh -1 ; h E G } fl c s T\ is finite. Since c s Y C F, we see that c s T is finite 
and (a) follows. 

From (a) we deduce that, for any subgroup r of D Zq we have 

(b) dim(rc) = dimr + dime. 

1.24. Let c, c' be two G°-conjugacy classes in G contained in the same connected 
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component D of G. Let 5, 5' be two subtori in £ := ^i^o- We show: 

(a) 5c fl 5'c' zs a /imie union of subsets of the form (5 fl 5')c" where c" are 
G° -conjugacy classes in D. 

We may assume that 5c fl 5'c 7^ 0. Let x G 5c fl 5'c'. Let Ci be the G°-conjugacy 
class of x. Then 5c = 5ci, 5'c' — 8'c\. Thus we may assume that c = c' . Let V be 
as in 1.23. Then <f> : ( x c — » £c, (a, c) 1— > ac is a principal covering with group T 
(which acts by z : (a, c) 1— > (az, c)). Since 0(5 x c) = 5c, 0(5' x c) = 5'c, we have 
0- 1 (5c) = U zer (52 x c), (j)- l {5'c) = U zeT l{5'z x c) and 

(j)~ l {5c n 5'c) = U zer (5^ xc)n U 2 / er (5V x c) 
= U z ^ eT (5z x c) n (5V x c)) = U z , 2 / er ((5^ n 5V) x c). 

Hence 

5c n 5'c = </>(U Z)2 / er ((52 n 5Y) x c)) = U 2;2 / er ((52 n 5V)c). 

Now 5zn5'z' is either empty or of the form (5 P\5')z\ with z\ G C- Since V is finite 
(see 1.23) we see that 5c fl 5'c = U 2l (5 fl 5')z\c where z\ runs over a finite subset 
of C- (For any such z\, z\ c is a G°-orbit in D.) 

1.25. Let P' (resp. P") be a parabolic of G° with Levi L' (resp. L"). Assume 
that L', L" contain a common maximal torus. Then P' fl P" is a connected group 
with Levi L' fl L". We show: 

(a) any g G N G P' H N g P" can be written uniquely in the form g = zu where 

z g n g v n a g p' n NqL" n n g p",u g E/p/ n p». i%«s, a g p' n a g p" m a 

semidirect product {N G V n A G P' H A g L" n N G P")U P > nP » . 
Since g -1 normalizes P' n P", we see that g~ l (L' n L")# is a Levi of P' n P" 
hence it equals cu _1 (L' fl L")u; for some to G U P r\P'- Then z := gu~ x normalizes 
V fl L" and also P' and P". Now L' is the unique Levi of P' that contains 
L' fl L". Clearly, zL'z -1 is again a Levi of P' that contains L' fl L". Hence 
zL'z' 1 = V so that z G N G L' n N G P' . Similarly, z G N G L" n N G P" . Thus, 
z G A G L' fl N G P' fl N G L" fl N G P" and (7 = zcu, as required. To prove uniqueness, 
it is enough to show that (NqL' n N G P' n N G L" n N G P") n ?7p'nP» = {!}• If 
it G U P ' nP " normalizes L' and L" then, using it G P', we have u E L' and 
similarly it G L" hence it G L' C\L"; but L' fl L", being a Levi of P' fl P", has 
trivial intersection with U P ' nP " hence it = 1. 
We have 

(b) U P 'r\ P " = (L' fl U P ")(U P ' fl P") (semidirect product) and also U P ' nP " = 
(L" fl U P ')(U P " fl P') (semidirect product). 

1.26. Let P be a parabolic of G° with Levi L. Then 

(a) any (7 G A G P can 6e written uniquely in the form g = zu where z G 
iV G L n A G P, u EU P . Thus, N G P is a semidirect product (N G L n N G P)U P . 
This is a special case of 1.25(a) with P' = P" = P, L' = L" = L. 
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1.27. Let H' be an algebraic group, let H be a closed subgroup of H' and let c 
be a semisimple if'°-conjugacy class in H' . Then 

(a) H fl c is a finite union of (semisimple) H° -conjugacy classes in H . 
We can regard H' as a closed subgroup of 6?L n (k) for some n > 1. Let ci be 
the conjugacy class in 6?L n (k) that contains c. It is enough to prove (a) with c 
replaced by ci. Thus we may assume that H' = GL n (k). Let D be a connected 
component of H that contains some semisimple elements. We can find a closed 
diagonalizable subgroup To of H such that any i7°-conjugacy class in D meets 
To- (We pick a semisimple element s 6 D and a maximal torus T\ in Zh(s)°. We 
can take To to be the subgroup generated by T\ and s. The fact that this has the 
required properties can be deduced from the analogous property of the reductive 
group H/Uho, see 1.14(c).) It is enough to prove that To fl c is finite. Now To is 
contained in a maximal torus T of GL n (k) and it is enough to show that T fl c is 
finite. But this is a well known property of GL n (k). 

2. Isolated elements of G 

2.1. Let geG. Let 

T{g) = (2z Gi9s) o n Z G {g u )f = (Z° ZG{gs)0 n Z G (g u ))° 
= (Zz GO ( 9s )o n Z G o(g u ))° = (z Zaigs)0 n Z G (g)f 

(a torus, since Z G (g s )° is reductive). We have T)g) C Z G (g). We sometimes write 
T G {g) instead of T(g). Clearly, 

T(xgx~ x ) = xT(g)x~ x for any x G G. 

Let 

L(^) = Z G o(T(^)),L(^) = iV G (L(^)). 

Then 

(a) L(g) is the Levi of a parabolic P of G° such that gPg~ x = P. 

Indeed, we can find x £ Hom(k*,6?°) such that x(k*) C T(g) and L(g) = 
Z G o(x(k*))- Then P = P x , see 1.16, is as required. 
From the definition we have 

(b) Z G (g s )° C L(g). 

The next result shows that L(g) is characterized by being minimal with the prop- 
erties (a),(b). 

(c) Let Q be a parabolic of G° with Levi L such that g e N G L fl N G Q and 
Z G (g s )° C L. Then L(g) C L. 

Since Z G o ((Zl H ^((7))°) = L, see 1.10(a), it is enough to show that Z G o(T(g)) C 
Z G o((Z L n ^l(^)) ) or that (Z L n Z L (^))° C T{g) or that (Z£ fl Z G (g))° C 
T(^). Clearly, (Z° L n ^g(^)) C Z g (^ s ) hence (Z° n Z G (^))° C Z G (^ S )°. Since 
Z G (^)° C L, we have Z L n ^g(^) C ^z g ( 5s )o hence (Z£ n Z G (g))° C ^z G ( gs )«- 
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Clearly, (Z° L n Z G (g))° C Z G (^) hence (Z° fl Z^)) C 2z G ( 9s) o H Z G (^) and 
(Z£ n Z G (</))° C (2z G ( Ss) o n Z G (^))° = Tfa), as required. 

Since T(^) C Z G (g), we have g G L(^) hence Ti^(g) is defined. We have 

(d) T L(g) (^) = T(^). 

Since Z L{g) (g u ) = Z G (g u ) n L(#) and Z Zi(g)(gs) o C L(#), we have T L(g) (g) = 
(Zz L(g) ( 9s )° n = (^ (g)(5s) o n Z G (^))°. From (b) we have Z G (g s )° C 

L(<7) C £(</) hence ^ (s) (^ s ) = ^ G (<7 S )° and T L{g) (g) = (Z Zg{9s) o n ^ G (^))° = 
T(#). This proves (d). 

We shall need the following result. 

(e) Let g, g' G G be such that g s = g' s and g'~ x g G Z G (g s )°. Then T(g) = T(g') . 
We must show that (2^ G ( 5s )° n Z G (g))° = (Z° ZG{gs y> n Z G (^))°- It is enough to 
show that, for x G ^z G (g ) ' ^ e con ditions xg = gx and xg' = g'x are equivalent. 
Since x commutes with any element of Z G (g s )°, it commutes with g'- x g. This 
proves (e). 

2.2. We show that the following five conditions for g G G are equivalent: 

(i) L{s) = G°; 

(ii) T(g)cZ G o- 

(iii) T(g) = c 'Z G0 where D is the connected component of G containing g; 

(iv) there is no proper parabolic P of G° with Levi L such that g G N G L fl 
N G P,Z G (g s )° CL; 

(v) there is no proper parabolic P of G° such that g G N G P, Z G (g s )° C P. 
Indeed, it is clear that (iii) =>- (ii)<->(i). Assume now that (ii) holds. Then any 
element of T(g) commutes with any element of G°; since T(g) C Z G {g), we have 
T(g) C Z G o n Z G (g). Since T(g) is connected, we have T(g) C (Z G o n Z G (#)) - 
The reverse inclusion is obvious. We see that (iii) holds. Thus, the equivalence of 
(i),(ii),(iii) is established. The equivalence of (i) and (iv) follows from 2.1(c). It 
remains to prove the equivalence of (iv),(v). It is enough to prove the following 
statement. 

If P is a parabolic of G° such that g G N G P, Z G (g s )° C P then there exists a 
Levi of P that contains Z G (g s )° and is normalized by g. 

By 1.13(a) there is a unique Levi L of P such that Z G (g s )° C L. Now gLg~ x is a 
Levi of gPg~ x = P containing gZ G (g s )° g~ x = Z G (g s )°. By uniqueness, we have 
gLg~ l = L. This completes the prove of equivalence of (i)-(v). 

We say that g is isolated (in G) if it satisfies the equivalent conditions (i)-(v). 

If g G G and G' is a closed subgroup of G containing g and G° then, clearly, 

(a) g is isolated in G if and only if g is isolated in G". 
By 2.1(d) we have for g G G: 

Z L ig) (T L(g) (9)) = Z L{g) {T{g)f = [1(g) n Z G (T(g))°(L(g))°, 
hence 

(b) g zs isolated in L(g). 
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2.3. Let 7T : G — » G ss be the obvious map. Let g G G. We show: 

(a) g is isolated in G if and only if rc(g) is isolated in G ss . Equivalently, the 
set of isolated elements in G is the inverse image under tv of the set of isolated 
elements in G ss . 

Using the criterion 2.2(v) we see that it is enough to show that conditions (i),(h) 
below are equivalent: 

(i) there exists a proper parabolic P of G such that Z G (g s )° C P,gPg~ l = P 

(ii) there exists a proper parabolic P of 6? ss such that Z Gss (7r(g) s )° C P, 
7r(g)P7r(g)- 1 = P. 

Assume that (ii) holds. Let P be as in (ii). Then P = n 1 (P) is as in (i). 
Conversely, assume that (i) holds. Let P be as in (i). Then P = ir(P) is as in (ii) 
since 7r induces a surjection Z G (g s )° — * Zg ss (n(g) s )° (see 1.20(a)). 
From (a) we see that 

(b) the set of isolated elements in G is stable under left or right translation by 

2.4. Let g G G. By 1.9(a) (applied to Z G (g s ) instead of G) the set of unipotent 
elements in Z G (g s )°g u that are quasi-semisimple in Z G (g s ) is a single Z G (g s )°- 
conjugacy class. Let u be an element of this set. According to 1.4(c), g s u is 
quasi-semisimple in G. Thus there exist a Borel of G° and a maximal torus of 
it, both normalized by g s u; these are automatically normalized by u, hence u is 
quasi-semisimple in G. Let H = Zq(u), a reductive group, by 1.4(b). We have 
g s G H. We show that 

(a) Zz H (g B )° an d Us subgroup Z Za ( gs }o fl H have the same identity component. 
Let G = Zoigs)- Let H = Zq{u) (a reductive group by 1.4(b)). We must prove 
that Zfj and its subgroup Z(G°) fl H have the same identity component. This 
follows from 1.7(b) applied to 67, u instead of 6?, u. (Note that 1.7(b) is applicable 
by 1.8(a).) 

Next we show: 

(b) (Z G o n Z G (g))° = (Z H o n Z G (g))°. 

By 1.7(b) (with g replaced by u), we have Z° H0 = (Z G o n H)°. (Note that 1.7(b) 
is applicable by 1.8(a).) Since Z G (g) C H, the left hand side of (b) is 

(z G o n H n z G ( g ))° = ((Z G0 n H)° n z G (g))° = (z° H0 n z G (g))° 

and this equals the right hand side of (b). This proves (b). 

Lemma 2.5. In the setup of 2.4, g is isolated in G if and only if g s is isolated in 
H. 

We have 

T H {g s ) = (Z Zh{9s)0 n Z H (g s ))° = 2°^, 



Zz G ( 9s r nH = Zz G (g s r nZ G(gu) = z ZGigs) onz G (g s )nz G (g u ) = z Za{gs) onz G (g), 
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since u G g u Z G (g s )°. Hence T(g) = (Z Za ( gs )o HH) . Using 2.4(a) we deduce that 
T(g) = T H {g s ). The condition that g is isolated in G is that T(g) = (Z G onZ G (g))°. 
The condition that g s is isolated in H is that Tjj(g s ) = {Zjjo H Zh(9s))° that is, 
Th(9s) = (Z G o n Z G (g))° (see 2.4(b)). These two conditions are equivalent since 
T(g) — Tnigs)- The lemma is proved. 

Lemma 2.6. Assume that Z Q0 = {1}. Then the set of semisimple elements that 
are isolated in G is a union of finitely many G°-conjugacy classes. 

We fix a connected component D of G which contains some semisimple element. 
Let s be a semisimple element in D. Let T\ be a maximal torus of Z G (s)°. By 
1.14(c), any semisimple element in D is G°-conjugate to some element in sTi. 
Hence it is enough to show sTi contains only finitely many elements that are iso- 
lated in G. There exist finitely many closed connected subgroups Hi, H^, ■ ■ ■ , H n 
of G° such that for any s' G sTi, Z G (s')° is one of Hi, Hi, ■ ■ ■ , H n . (Indeed, with 
the notation of 1.5, Lie Z G (s')° is spanned by Lie Ti and by some of the lines 
Q a ,a G R.) We have sT x = U lE[hn] X t where X t = {s' G sTi, Z G (s') = H t }. If 
s' G Xi, the condition that s' is isolated in G is that Zjji is finite. Thus, either 
all elements in Xi are isolated in G or none is isolated. We may assume that 
Xi is non-empty and consists of isolated elements if and only if % G [l,k]. Here 
k < n. We fix s- G Xi for each % G [l,k]. If s' G Xi then s' G Z G {Hi) and 
s[ G Z G (^i) hence sj"^' G Now sj"^' GTjC H,. Hence s^"^' G 

Thus, the set of elements of sTi that are isolated in G is contained in the finite 
set Ujg^fcjs^Hi- The lemma is proved. 

Lemma 2.7. The action 1.21(c) of Z G0 xG° on G leaves stable the set of isolated 
elements in G and has only finitely many orbits there. 

From 2.3(a) we see that the first assertion of the lemma holds and that, to prove 
the second assertion, it is enough to show that the conjugation action of G® s on 
the set of isolated elements in G ss has only finitely many orbits there. Thus we 
may assume that Z Q0 = {1}. Let D be a connected component of G. Let Y be the 
set of all elements of D that are isolated in G. Let Y be the set of all pairs (g, u) 
where g G D, u is a unipotent element in Z G (g s )°g u that is quasi-semisimple in 
Z G (g s ) and g s is isolated in Z G {u). Let p : Y — > Y be the first projection. (This 
is well defined and surjective by Lemma 2.5.) Let (go,uo) G Y. Let H = Z g {uq) 
(a reductive group, by 1.4(b)). Using 1.7(b) (which is applicable in view of 1.8(a)) 
we see that Z^ Q = {1}. Applying Lemma 2.6 to H instead of G, we can find 
isolated semisimple elements si, S2, ■ ■ ■ , s n in H such that any isolated semisimple 
element in H is -£f°-conjugate to some Si. By 1.15(a), for any i G [1, n] we can find 
unipotent elements vn, v^, . . . , Vi Pi in Z G (si) such that any unipotent element in 
Z G (si) is Z<3(si)°-conjugate to some Vij. It is enough to show: 

(a) Let O be an orbit for the G° -action on Y given by conjugation on both 
coordinates. Then (siVij,u') G O for some i G [l,n],j G [l,Pi] and some u' . 
(Indeed, since p is surjective, (a) would imply that any G°-conjugacy class in 
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Y contains SiVij for some i G [l,n],j G Let (g,u) G O. Now uG° = 

g u G° = (go) u G° = uqG° (since gG° = goG° = D). Thus u,uq are unipotent, 
quasi-semisimple in 67, in the same connected component of 67, hence uq = huh -1 
for some h G G°. (See 1.9(a).) We have (hgh~ l , huh -1 ) G O. Setting g' = hgh~ l 
we have (g', uq) G O. Since <7g is an isolated semisimple element in H, we can find 
h' G H° such that h'g^h'' 1 = s t with i G [l,n]. We have (h'g'h'-\ h'uoh'- 1 ) G C. 
Now h'uoh' -1 = uq, the semisimple part of h'g'h'~ x is h' g' s h~ x = Sj and the 
unipotent part of h'g'h'~ l is a unipotent element #j in Zc(si). Thus we have 
(sjVj, Wo) G (9. We can find /i" G Zcr(sj) such that Wxiih" -1 = Vij with j G 
We have {s i v lJ ,h"u h"- 1 ) = (h"s i v i h"- 1 ,h"u h"- 1 ) G O. This proves (a). The 
lemma is proved. 

Lemma 2.8. The set of isolated elements of G is closed in G. 

Using 2.3(a) we see that if the lemma holds for G ss then it holds for G. Hence 
we may assume that Z Q0 = {1}. Let G' be the set of isolated elements of G. Since 
G' is a union of finitely many 6?°-conjugacy classes (see Lemma 2.7), we see that 
G' s is a union of finitely many semisimple G -conjugacy classes E 1 , E 2 , . . . , E n . For 
i G [1, n] let G n be the inverse image of E % under G' — > G' s , g i— > g s . It is enough 
to prove that G n is closed in G for any z G [l,n]. Let = {36 G;5 S G E 1 }. 
By 1.22(a), E\ E n are closed in 6? and n : — * E\g ^ g s \s a, morphism. 
Note that n commutes with the conjugation action of 6?° on E\ E' 1 and that 
action is transitive on E l . Hence a 6?°-stable subset of E H is closed if and only if 
its intersection with 7r -1 (s) is closed in G for some/any s G E l . Thus, to prove 
that G n is closed in E H (hence in G) it is enough to prove that, if s G E l , then 
{g G G n ;g s = s} = {g G G';g s = s} is closed in G. Let r = Z° Zg ^ . We must 
show that {su; u G 6?, u unipotent, -us = su, (r fl Zq(u)) q = {1}} is closed in G 
or that {u G Zg(s);u unipotent, (r fl Zg(u))° = {1}} is closed in Zq{s). Since 
the set of unipotent elements in Zq{s) is closed in Zq(s), it is enough to show 
that {g G Zg(s); (r fl Zg((7)) = {1}} is closed in Zq{s). Let X be a connected 
component of Zq{s). It is enough to show that Xq := {g G X; (rnZoig)) = {1}} 
is closed in X. Now r fl Zo(g) depends only on the connected component of g in 
Zg{s). Thus, either X = X or X = 0. In both cases, X is closed in X. The 
lemma is proved. 

3. A STRATIFICATION OF G 

3.1. For g,g' G G we write <7 ~ g' if g'g -1 G T(g) = T(g'). This is an equivalence 
relation on 6?. For x G G°,g,g' G 6? with # ~ ^' we have xgx~ x ~ xg'x~ x since 
xT(g)x~ x = T(xgx~ 1 ). Hence the relation on 6? given by g x g' if xgx~ x ~ for 
some x G is an equivalence relation. The equivalence classes on G for x are 
called the strata of G. Each stratum of G is contained in a connected component 
of G and is stable under conjugation by 6?°. 

Lemma 3.2. Let n : G — > G ss be the obvious homomorphism. Let g, g' G G. We 

have g x g' (in G) if and only if n(g) x Tr(g') (in G ss ). Thus, the strata of G are 
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exactly the inverse images under n of the strata of G ss and each stratum of G is 
stable under left or right translation by Z Q0 . 

Let g G G. By 1.20(b), 7r induces a surjective homomorphism of tori -2^ G (p )o — * 
Z Za j . This is compatible with the automorphisms 

Ad(g u ) : Z Za (g.) -> Z^ G(gs)0 , Ad(7r(^) u ) : £z G „(7r(ff).)° -> £z G ( 9s )°> 

which have finite order. (Some power of y u belongs to Z G (g s ) •) Applying 1.19(a) 
we see that it restricts to a surjective homomorphism 

( Z Zo( 9s )° n W)° - (^..Orfc).) n ^(TT^O) - 

Thus, we have 

(a) 7r(T G (^)) = r Gss (7r(^)). 

We have T G (g) C ((T G (^)Z G0 ) n Z G (g))° = T G (g)(Z% n Z G (^))° = T G (g). Hence 

(b) T G ( 9 ) = ((r G (9)4o)n^( 9 ))° 

If 2" G (Z G o n Z G (g))° we have 

(c) T G {z" g) = T G (g) and 2;"^ ~ (7. 

The first assertion follows from 2.1(e) since (z"g) s = g s and (z"g)~ 1 g G Z G (^ S )°. 
The second assertion follows from the first since z"gg~ l = z" G T(g). 
If z G Z G0 then 

(d) T G (z5r) = T G (g) and z# x 

By 1.2(a) we have z = z'^gz'^g' 1 for some z' G Z G o,z" e (<Zgo n Z G (g))°. 
Hence 

T G (zg) = Tciz'^gz'- 1 ) = z'T G {z" g)z'- x = z'T G {g)z'- x = T G {g) 

where the third equality comes from (c). We also have zg = z' z" gz'~ x x z" g x g. 
(See (c).) This proves (d). 
Next, for g, g' G G, 

(e) we have Tv(g) ~ n(g') (in G ss ) if and only if zg ~ g' (in G) for some 
z G Zqq . 

Assume that z G Z G0 and zg ~ g' that is, g' g~ x z~ x G T G (zg) = T G (g'). Applying 
n and using (a), we obtain n(g')ii(g)- 1 G T Gss (n(g)) = T Gas (n(g')). Thus, n(g) ~ 
7r(#') in G ss . 

Conversely, assume that n(g) ~ ft(g') in G ss that is, i:{g')'K{g)~ 1 G 7 Gss (7r(^)) =| 
T G „(7r(^))- Using (a), we deduce that g' g~ x G T G (^)^ G0 = T G {g')Z% . Thus 
(7' = tzg where t G T G {g), z G ^ G o- Using (b), we have 

T G (^) = ((T G (^)^S»)n^ G (<7 / )) 

= ((T G (<7)Z G0 ) n Z G (tzg))° = ((T G (g)Z° G0 ) n Z G (</)) = T G (g) = T G (zg). 

(The third equality holds since tz belongs to the commutative group T G (g)Z G0 
and the fifth equality comes from (d).) Thus, T G (g') = T G (zg). Now g'i^zg) -1 = 
t G T G (g) = T G (zg). Hence g' ~ zg. This proves (e). 
The lemma follows from (d),(e). 
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3.3. The set of isolated elements of G is a union of strata of G. (Assume that 
g E G is isolated and g' E G is in the stratum of g. We must show that g' is 
isolated. We may assume that g' ~ g. Then T(g') = T(g). By assumption, 
T(g) C Zqo- Hence T'(g) C Z Q0 and g' is isolated.) The strata of G that consist 
of isolated elements are called isolated strata. We show: 

(a) any isolated stratum of G is a single orbit for the action 1.21(c) of Z G0 xG° 
on G. 

In view of 2.3(a) and Lemma 3.2, it is enough to consider the case where Z G0 = {1}. 
In this case we must show that any isolated stratum C of G is a single G?°-conjugacy 
class in G. Let g, g' E C . We have g' = hzgh~ l where h E 67°, z E T(g). Since g 
is isolated, we have T(g) = {1}. Hence g' = hgh~ l . This proves (a). 

Lemma 3.4. Let C be a stratum of G. If g,g' E C then Zcig) , Zaig') are 
G° -conjugate. 

We may assume that g ~ g'. We have g' = tg where t E T(g). If x E Zo(g)° 
then x E ZQ(g s )° and t E Z ZG ( gs )o hence xt = tx. We have also xg = gx 
hence xtg = tgx. Thus, x E Zo(g')- We see that ZQ(g)° C Zc{g') so that 
Zoig) C Zoig') - Interchanging the roles of g,g' we obtain ZQ(g') C Za(g)° 
hence Zc(g)° = ZQ(g') . The lemma is proved. 

3.5. Let A be the set of all pairs (L, S) where L is a Levi of some parabolic of 
G° and S is an isolated stratum of NqL with the following property: there exists 
a parabolic P of G° with Levi L such that S C NqP. Now G° acts on A by 
conjugation. Let G°\A be the set of orbits of this action. 

Lemma 3.6. Let C be a stratum of G. For g E C let L = L(g) and let S be 
the stratum of NqL that contains g. Then (L,S) E A and C i— > (L,S) is a well 
defined injective map from the set of strata of G to G°\A. 

By 2.2(b), g is isolated in NqL. By 2.1(a) there exists a parabolic P of G° with 
Levi L such that g E N G P. We have S C NqP- (Since S is an isolated stratum 
of NqL, any element of S is of the form hzgh~ x with z E Z®, h E L (see 3.3(a)); 
clearly, hzgh~ l E N G P.) Thus (L,S) E A. Let g' E G be such that g x g'. Let 
L' = L(g') and let S' be the stratum of NqL' that contains g' . We show that 
(L, S), (Z/, S') are in the same G°-orbit. Replacing g by a G°-conjugate, we may 
assume that g ~ g' . Then T(g) = T(g') hence L = V . Also g'g' 1 E T(g). Using 
2.1(d) we have T NaL (g) = T(g) = T(g') = T NgL ( 9 ') and g' g~ x E T NqL hence 
g ~ g' (relative to NqL). Hence S = S' . Thus the map in the lemma is well 
defined. We show that it is injective. Assume that g, g' E G are such that for 
some h E G° we have hLh~ x = V where L = L{g),L' = L(g') and hgh~ x x g' 
where x is relative to NqL'. We must show that g x g' (relative to G). Replacing 
g by hgh~ x , we may assume that L = L',g x g' (relative to NqL). Replacing 
g by an L-conjugate, we may assume further that g ~ g' (relative to NqL). We 
have g'g' 1 E T NaL (g) = T NaL (g'). But T NaL (g) = T(g), T NaL (g') = T(g'), so 
that g ~ g' (relative to 67). The lemma is proved. 
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Proposition 3.7. The number of strata of G is finite. 

By Lemma 3.6, it is enough to prove that G°\A is finite. Since the Levi 
subgroups L of parabolics of G° fall into finitely many G°-conjugacy classes, it is 
enough to show that for any such L, there are only finitely many isolated strata 
of N G L. This follows from Lemma 2.7 and 3.3(a). The proposition is proved. 

3.8. Let P be a parabolic of G° with Levi L. Let g be an isolated element of 
NqL fl N G P. (Equivalently, g is an element of NqL n N G P that is isolated in 
NqL, see 2.2(a); indeed, NqL fl N G P C NqL have the same identity component, 
L.) We show: 

(a) T(g)c(Z L nZ L (g))°; 

(b) LcL(g); 

We prove (a). Since g s G N G L(lN G P we see from 1.12(b) that -Z^ G ( 5s )o C ^z L (g a )°- 
Hence 

rfo) = (2° Zg(9s)0 n z G 0/))° c (^ i(5s) o n ZgG/)) 
= (4 w nW = (2Lnz L ( 9 )f 

where the last equality holds since <7 is isolated in NqL. This proves (a). 

From (a) we deduce Z G o(T(g)) D Z G o((Z L n Z L (g))°) = L (the last equality 
comes from 1.10(a)). This proves (b). 

3.9. Let P,L,g be as in 3.8. We show that the following three conditions are 
equivalent: 

(i) L = L(g); 

(ii) T(g) = (z L nz L (g))°; 

(iii) Z G (g s )° C L. 

If (ii) holds, then Z G o(T(g)) = Z G o((Z L n Z L (g))°) = L (see 1.10(a)) so that 
(i) holds. Assume now that (i) holds. We show that (ii) holds. By 3.8(a) it is 
enough to show that (Z L n Z G (g))° C T{g) or that (Z Zco(T(ff)) fl Z G (^))° C T(a) 
or that (Z ZGo(T(s)) nZ G (Q s ) nZ G (Q u )) C Z Zg{9s) o f]Z G (g u ). It is enough to show 
that Z ZG0{T{g)) n Z G (a s )° C £z g(Ss) o. This follows from Z G (a s )° C Z G o(T(^)) (a 
consequence of the definition of T(g)). 

By 3.8(a), condition (ii) is equivalent to (Zl H Z G (g))° C T(o) and also to 
(Zl fl Z G (o))° C S^ G ( ffs )o. Since (Zl H Z g (g))° C Z G (g s )° this is also equivalent 
to the condition Z G (g s )° C Z G o((Z^ fl Z G (o))°) which by 1.10(a) is the same as 
(iii). 

3.10. Let P,L,g be as in 3.8. For any z e (£l H Z L (g))°, the element z<7 is 
isolated in iV G L n JV G P. (This follows from 2.3(a) for iV G L n N G L instead of G.) 
We show: 

(a) {z e (Zl n Z L (g))°; Z G (zg s )° C L} is open dense in (Z L n Z L (g))°. 
Assume first that g = s is semisimple. Since s is isolated in N G L we have (Zl H 
Zl(s))° = ^z L (s)°- Hence it is enough to show: 
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(b) {z G Zz L (s)°> Zl(zs) = Zg(zs) } is open dense in Z Zl (s) ' 
By 1.12(b) we can find a maximal torus T\ of Z L (s)° which is also a maximal 
torus of Zg(s)°. Define g a , R as in 1.5 in terms of s, 67, T x . We have Z Zl ^ C T±. 

For z G Z Zl (s)°i Zg(zs) contains T\ and is normalized by s hence Lie Zg(zs) is 
spanned by Lie T\ and by the g a with a G P, o;(zs) = 1. Similarly, Lie Zl(zs) 
is spanned by Lie T\ and by the g Q with a G P, a(zs) = 1, g a C Lie L. For each 
a G P we set X a = {z£ ^z L (s) 'i a ( zs ) !}• We see that it is enough to show: 

ot is open dense inZy , -, . 
Assume that g a <f_ Lie L but a(zs) = 1 for all z G Z Zl ^o^o. Then a(s) = 1 and 
a\ z o s = 1- Thus, g Q C Lie Z g o(Z Zl(s)0 ) = Lie Z G o((Z L n ^l(s)) ) = Lie L 

(the last equality comes from 1.10(a)). Now g a C Lie L is a contradiction. Thus, 
for any a E R such that g a G: Lie L, the open subset X a of Z Zl ( s )o is non-empty 
hence dense. It follows that (c) holds; (b) is proved. 

We now consider the general case. Let u be a unipotent element in ZL(g s )°g u 
which is quasi-semisimple in Zi,(g s ). As in 2.4, u is quasi-semisimple in NqL. 
Hence there exists a Borel j3 of L and a maximal torus T of (3 such that /3 and 
T are normalized by u. Now {7p is normalized by g hence by g u , hence by lg u 
for any / G L. Since it = lg u for some / G L, we have -u G Nq(Up). Then it 
normalizes /3£/p, a Borel of 6?° containing T. Thus, u is quasi-semisimple in G 
and H = Zq[u) is a reductive group. Similarly, Li = Zl(u) is a reductive group; 
it is a Levi of the parabolic P± = Zp(u)° of H . By Lemma 2.5 (with 6? replaced 
by N G L), g s is isolated in N H (Li). Also, # s G N H (Li) n N H (Pi). Applying the 
already proved part of (a) to H, Li, P\, g s instead of 6?, L, P, (7 we see that 

{z G (Z Ll n Z Ll (g s ))°;Z H (zg s )° C L x } is open (iense in (Z Ll DZ Ll (g s ))°. 
It is then enough to show that 

(d) {z Ll nz Ll {g s )f = {z L nz L { g )f 

and that, for z in (d), we have ZH(zg s )° C L\ if and only if ZG(zg s )° C L, or 
equivalently (see 3.9), that we have T H (zg s ) = (Z Ll n Z Ll (zg s ))° if and only if 
Tc(zg) = (Z L fl Z L (zo))°. It is enough to prove (d) and that for any z in (d) we 
have 

(e) T H (zg s ) = T G {zg), 

(f) (Z Ll n Z H (zg s ))° = (Z L n ^l(^)) . 

As a special case of 1.7(b) we have Z° = (Z L fl ^(n)) hence 

(z Ll n z Ll ( fffl ))° = (z L n z L (u) n z L (no s ))° = (z L n z L (^))°, 

so that (d) holds. (In the last equality we have used that u G Z L (g s )°g u .) Similarly, 
for z in (d) we have 

(z Ll n z Ll {z 9s )) = (z L n z L (u) n z L (nzo s ))° = (z L n ^l(^o)) , 

so that (f) holds. Now (e) is shown as in the proof of Lemma 2.5 (for zg instead 
of g). The lemma is proved. 

Lemma 3.11. Let (L, S) G A. Let P be a parabolic of G° with Levi L such that 
S C N G P. Let S* = {g G S;Z G (g s )° C L}. Then S* is an open dense subset of 
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s. 

By 3.3(a) (for L), S is contained in a connected component 8 of N G L (1 N G P. 
We set 5 Z L = Z L f]Z L (g') for some/any g' G 5. By 3.3(a) and 1.21(d), the action 
1.21(c) of S Z ( [ x L on S is transitive. The restriction of this action to S Z ( [ is 
a free action (left translation) and S = s Zl\S is well defined. The conjugation 
action of L on S induces a transitive L-action on S. Hence the condition that an 
L-invariant subset X of S is open dense in S is equivalent to the condition that 
for any 5 ^£-orbit O on £, the intersection X H O is open dense in O. For X = 5* 
this last condition holds by 3.10(a). The lemma is proved. 

Proposition 3.12. (a) If (L,S) G A then Yl,s = U xeG oxS*x~ 1 is a stratum of 
G. 

(b) (L,S) i— > Yl,s is a bijection between G°\A and the set of strata of G. In 
particular, we have a partition G = Ul,sYl,s where L,S runs through a set of 
representatives for the G° -orbits in A; this is the same as the partition of G into 
strata. 

We prove (a). By Lemma 3.11, S* is non-empty. Hence Yl,s is non-empty. Now 
Yl,s is contained in a stratum of G. (It is enough to show that S* is contained 
in a stratum of G. It is also enough to show that, if g,g' G S* and g ~ g' 
relative to NqL, then g ~ g' relative to G. This follows from the equalities 
To(g) = T NGL{g) (g) = T NaL (g),T G (g') = T NaL(g/) (g') = T NaL (g'), see 2.1(d), 
3.9.) We show that is a stratum of G. It is enough to show that, if g G S* and 
g' G G, g x g' relative to G, then g' G Yl,s- We may assume that g' ~ g relative 
to G. Since To(g) = T G (g'), we have L(» = Z G oT G (g) = Z G oT G (g') = L(g'). 
Since g G S 1 * we have L = -^((7) (see 3.9). It follows that L(g') = L. In particular, 
g' G N G L. As above, we have T G (g) = T NaL {g),T G {g') = T NaL ^(g') and the 
last group equals Tnol(9') since L(g') = L. Since g'~ x g G T G (g) = T G (g'), we see 
that g'~ x g G T^ G L{g) = T^ G L{g')- Thus g' ~ g relative to NlG. It follows that 

G 5. More precisely, since L = L(g'), we have g' G S 1 * , as required. This proves 
(a)- 

From the definitions it is clear that the map in (b) is the inverse of the map 
C I— > (L, £) in Lemma 3.6. The lemma is proved. 

3.13. Let (L,S) G A. Let 

Y LtS = {(g,xL) G G x G°/L;x"V G 5*}. 

Define 7r : Y LjS — »• Vl.s by n(g,xL) = g. Now W s = {n G NQoL-.nSn- 1 = S}/L 
(a subgroup of the finite group N G oL/L) acts (freely) on Y^.s by n : (g,xL) 1— > 
(g.xn^L). 

(a) T7izs makes tt : — * Yl.s iwio a principal Ws-bundle. 
We must show that, if g G G, x G G ,x ; G G° satisfy x~ l gx G S*,x'~ 1 gx' G S 1 *, 
then a;' = in" 1 with n G N G oL, nSn~ x = S. Replacing g, x, x' by x'~ 1 gx' ', x'~ 1 x, 1,| 
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we see that we may assume that x' = 1 and we must show that xLx~ x = 
L.xSx' 1 = S. We have g E S*,x~ 1 gx E S* and L = L(x~ 1 gx) = x~ 1 L(g)x = 
x~ x Lx. If g' E S then g' = hzgh~ x for some h E L, z E (Z L n Z L (g))°, see 3.3(a) 
and 1.21(d). We have 

x" 1 ^ g n z x -i Lx (x- 1 gx))° = (z L n = {Zl n ^l(^)) 

(since x~ x gx G gL) hence x~ x g'x = (x~ 1 hx)(x~ 1 zx)(x~ 1 gx)(x~ 1 h~ 1 x) G 5. 
Thus, x~ x Sx C S 1 . Since S 1 is irreducible we have a; -1 ^ = S, as required. 

Since Yl,s is an irreducible variety of dimension 

dim(G°/L) + dim S* = dim(G°/L) + dim S, 
it follows that 

(b) Yl^s is an irreducible constructible subset of G of dimension dim(67°/L) + 
dim S. 

Lemma 3.14. Let (L,S) G A. Let P be a parabolic of G° with Levi L such that 
S C N G P. Let S be the closure of S in N G L. Let Y[ s = U^goxSUpx' 1 . Then 
the closure ofY^^s in G %sY' L s . In particular, Y' L s is independent of the choice 
of P. 

Let X = {(g,xP) G G x G°/P;x~ 1 gx G SU P }. Let </>_: X -> G be the first 
projection. Then is proper since G°/P is complete and SUp is a closed Ad(P)- 
stable subset of NqP- Hence <j>(X) = Y' L s is a closed subset of G. Since X is 
irreducible of dimension dim(67°/P) + dim S + dimUp = dim(G7°/L) + dimS 1 , we 
see that Y' L s is an irreducible variety of dimension < dim(G°/L) + dim S. Since 
Y L: s is an irreducible constructible subset of dimension dim(G°/L) + dim5' of Y' L s 
(see 3.13(b)), it follows that Y L: s is dense in Y' L s . The lemma is proved. 

Proposition 3.15. Let (L, S) G A. The closure ofY^ g in G is a union of strata 
ofG. 

Let P, S : Y' L s be as in 3.14. By Lemma 3.14, it is enough to show that Y' L s is 
a union of strata of 67. Since Y' L s is stable under 6?°-conjugacy, it is enough to 
show: 

ifg G Y[ s , g' EG, g~ g' , then g' E Y' LS 
or the stronger statement: 

(a) if g E Y' L S and z E T G (g) then zg E Y[ s . 
Replacing (L,S,P) by a 6?°-conjugate we may assume that g E SUp. Now g s E 
NqP is semisimple hence it normalizes some Levi of P, see 1.4(a). Hence, replacing 
(L, 5) by a £/p-conjugate we may assume in addition that g s E NqL n NqP. Let 
/ be the obvious projection of the semidirect product {NqL n NqP)Up (see 1.26) 
onto NqL fl NqP (a homomorphism of algebraic groups). Let h = f(g). We have 
g = hu where h E S \u E Up and h s = f(g s ). Since g s E NqL fl NqP we have 
fids) = 9s so that g s = h s . Since the set of isolated elements of NqL is closed in 
NqL (see Lemma 2.8) and it contains S, it must also contain S; thus, h is isolated 
in NqL so that 
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(b) T NGL (h) = (z L nz G (h))°. 

We show that 

(c) T G (g)=T G (h). 

Using 2.1(e) and the equality g s = h s we see that it is enough to show that 
u G Z G (g s )°. Now g s = h s commutes with g and h hence it commutes with u. 
Thus ueU P n Z G {g s ) =U P n Z G (g s )° (see 1.11) and (c) follows. We show that 

(d) T G (h)cT NaL (h). 

that is, {Z ZG ( hs )Q n Z G (h u ))° C (Z ZL{hs) o n Z G (h u ))°. It is enough to show that 
z z G {h B )° C Z ZL ( hs )o. This follows from 1.12(b) since h s G N G P. (Since S C N G P, 
we have 5 1 C N G P hence h G N G P.) 

From (b),(c),(d) we deduce that T G (g) C (£l H Z G (h))°. Hence to prove (a) it 
is enough to show: 

if g = hu, h E S ,u <E Up and z G (Zl H Z G (h))° then zg G S£/p. 
It is enough to show that z£ C 5. This follows from zS C S (see 2.3(a)). The 
lemma is proved. 

Proposition 3.16. For (L,S) G A, Yl,s is a locally closed (irreducible) subvari- 
ety of G. In particular, Yl,s is open in Y[ s . 

This follows from Proposition 3.15 using the following general fact. 

Assume that we are given an algebraic variety V and a partition V = Uj E jVj 
where Vj are irreducible constructible subsets of V (J is finite) such that for any 
j G J, the closure of Vj is a union of subsets of the form Vj'. Then each Vj is 
locally closed in V. 

We may assume that J = {1, 2, . . . , n} and j' < j whenever Vj/ is contained in 
the closure of Vj. Then for any j, ^j';j'<jVj/ and Uj/.j/ <J V ? / are closed in V and 
Vj = L\j'-j'<jVj' — \-lj'-,j'<jVji is locally closed in V. 

3.17. We show that, for (L, S) G A, Y Li s is a smooth variety. Since Y Li s is a 
principal Ws-bundle over Y^g (see 3.13(a)), it is enough to show that Yl s is 
smooth. Consider the morphism Yl,s — > G°/L,(g,xL) i— > xL. This is a G°- 
equivariant fibration over the homogeneous space G°/L whose fibre at L is S*, 
which is smooth (being open in the homogeneous space S). 

4. Dimension estimates 

4.1. The estimates in this section are generalizations of results in [L2,§1] which 
we follow closely. 

For any parabolic P of G° we set P = N G P, P = P/U P , P = P/U P = P°; let 
up : P — > P be the canonical map. Let V be a G°-conjugacy class of parabolics of 
G°. Assume that for each P G V we are given a P-conjugacy class cp in P such 
that for any P EV and any g G G°, Ad(g) carries 7Tp 1 (cp) onto n g p g -i(c gPg -i). 
Let 

z = {(<7,Pi,P 2 ) eGxPxP;j£ np^Z pC Pl ) fl ^(Z^CpJ}, 
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z' = {(<7,Pi,P 2 ) eGxVxV;ge ^(cpj n ^(c^)}. 

We have a partition z = Uqzo where (9 runs over the G7°-orbits in P x P and 
zo = {(g, Pi,P 2 ) G z; (Pi,P 2 ) £ 0}- Similarly we have a partition z' = Uoz^ 
where z' c = {(#, Pi, P 2 ) G z'; (Pi, P 2 ) G 0}. We say that O is good if for some/any 
(Pi, P 2 ) G (9, Pi, P 2 have a common Levi. We say that O is 6ad if it is not good. 
Let v be the number of positive roots of G . Let v be the number of positive roots 
of P, c = dimcp, f = dim(Zp n Zpij)) for P G P, 7 G c P . 

Proposition 4.2. Let c be a G°-conjugacy class in G, c = dime. 

(a) For any P G P, x G c P we have dim(c n np 1 (x)) < (c — c)/2. 
f&J Por any g e c we have dim{P G P; (7 G 7Tp 1 (cp)} < (z/ — |) — (z/ — |) . 
fc) Let d = 2z/ — 2z/ + c + f. TTien dimz^ < d if O is good and dimz^ < d if 
O is bad. Hence dimz < d. 

(d) Let d' = 2v — 29 + c. Then dimz^, < d' for all O . Hence dimz' < d. 

(We make the convention that the empty set has dimension —00.) In the case 
where P = {67°}, the proposition is trivial. Therefore we may assume that P ^ 
{G } and that the result is already known when G is replaced by a group of strictly 
smaller dimension. 

We prove (c) and (d). We can map z© and z' to O by (g, Pi, P 2 ) 1— > (Pi, P 2 ). 
We see that proving (c) and (d) for zq, z' is the same as proving that for a fixed 
(P', P") G O we have 

(c') di-m{Kp}{Z%,c pi ) nTTpiOZjUcp")} < d-dim£>, 

(d') dim{7Tp / 1 (cp/) n 7rp,!(cp//)} <d'-dimC, 
with strict inequality in (c') if (9 is bad. Choose Levi subgroups V of P' and 
L" of P" such that L', L" contain a common maximal torus. Then P' n P" is a 
connected group with Levi U n L". Let L' = NqL' n P', L" = NqL" n P". By 
1.26, we may identify L' = P_ via 7Tp/. Similarly we identify L" = P via 7Tp». 
Thus we regard c P / C Z/,Cp» C L". If G P' fl P" then, by 1. 25(a), (b), we may 
write uniquely g in the form zu"u = zu'v where z G L' fl L", u" G L' fl C/p», it G 
Up* n P", it' G L" n C/p/, u G £/p» n P'. We see that (c'),(d') are equivalent to 

dim{(w, v, u", u', z) G (u P , n P") x (C/p„ n P') x (L' n C/p//) x (L" n C/p/) 

(c") 

x (L' n L");u"u = u'v,zu" G Z° L ,c p/ ,zu' G Z£„c P »} < d- dimC, 
dim{(u, u", u, z) G (C/p/ n P") x (C/p» n P') x (L' n C/p») x (L" n C/p/) 

x (L' n L"); it"it = u'v,zu" G c P /, zu' G c P »} < d' - dimC, 

with strict inequality in (c") if O is bad. When (u', u") G (L" n U P >) x (1/ n £/p») 
is fixed, the variety 

R = {(u,v)e (f/p-nP")x(f/ P »nP , );«"« = u'v) = {(u,v) G U pf xU P »;u"u = u'v}f 
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is isomorphic to Up> fl Up». (Indeed, if we set u = u'~ x u" uu"~ x E Up>, v = 
vu"~ x G Pp», then R becomes {(-u, v) E Up> x Up"]u = v}.) Since dim(P P / fl 
Up") = 2v — 2u — dim O we see that (c"),(d") are equivalent to 

dim{(w", u', z) E (1/ n x (L" nU P >)x (P n L"); 

(e) ru" G Z° / c P i , zit' G Z£„ Cp// } < c + f, 

dim{(w", u', z) G (P n Pp») x (L" nf/ F )x (L' n L"); 

(f) zu" G Cp/, zw' G Cp//} < c, 

with strict inequality in (e) if O is bad. 

Let us consider the variety in (f). Let 7r 3 be the projection of that variety on 
the ^-coordinate. We show 

(g) image(7r 3 ) is a union of finitely many L' fl L" -conjugacy classes in the re- 
ductive group L' fl L" with identity component L' fl L" . 

Let H' = V n P" = {V n L")(L' n U P n) (semidirect product) and let /'://"'—> 
L' n L" be the projection zu" ^ z . Let if" = L" n P' = (L' n L") (L" n C/p/) 
(semidirect product) and let /" : H" — >■ L" fl V be the projection zu' \— > z. Then 
image(7r 3 ) = f'(H' C\cpi) r\f"(H"r\cp»). Using 1.15(a) for G or reductive groups 
of smaller dimension, we see that it is enough to show that 

imaged), = f'(H' n c P ,) s n /"(^" n cp//) s = /'(^' n (c P /) s ) n /"(pt" n (c P ») fl ) 

is a union of finitely many (semisimple) L' fl L"-conjugacy classes in L' fl L" . It is 
enough to show that P / fl(cp/) s is a union of finitely many H'° = L'tHP^-conjugacy 
classes in H' and that H" fl (cp») s is a union of finitely many H"° = L" fl P'- 
conjugacy classes in H" . Since (c P /) s is a semisimple L'-conjugacy class in V and 
H' is a closed subgroup of V , the intersection P' fl (cp/) s is a union of finitely 
many P'°-conjugacy classes in P', see 1.27; similarly, H" fl (cp//) s is a union of 
finitely many P //0 -conjugacy classes in H" . This proves (g). 

We can write image(7r 3 ) = xi u X2 U • • ■ U Xn where Xi are (L' fl L")-conjugacy 
classes in L' fl L". The inverse image under 7r 3 of a point z E Xi is a product of 
two varieties of the type considered in (a) but for a smaller group (G replaced by 
V or L") hence by the induction hypothesis it has dimension < (c — dim%i)/2 + 
(c — dimxj)/2. Hence dim7r 3 ~ 1 (xj) < c. Since this holds for each z G [l,n], we 
see that the variety in (f) has dimension < c. Thus, (d) is proved (assuming the 
induction hypothesis). 

We now consider the variety in (e). Let p 3 be the projection of that variety on 
the ^-coordinate. With the earlier notation we have 

imagefe) = f'(H' n Z° L ,c p/ ) n f"(H" n Z£„c P »). 
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By 1.21(d) (for L',L" instead of G) we have 

-7O _ _ 5' 7 „ -p-0 „ _ 5" 7 „ 

where 5' (resp. 6") is the connected component of V (resp. L") that contains 
c P , (resp. c P "). We have 5 'z£, C Z° L , C ££, nL „ C if' and /'(£/*) = C/'(/i) f °r 
( E 5 'Z L ,,he H' hence /'(if' n Z£,c P = s 'Z° L ,f'(H' nc F ). Similarly, /"(if" n 
Z£„cp») = 5 Z£„/"(if" n Cp«). By an earlier argument we have /'(if' fl Cp/) = 
ei U e 2 U • • • U e' r , /"(if" n c P ») = e'/ U e' 2 ' U •••Ue[' where e' 1; e' 2 , . . . , e' r , e'{, e' 2 ', . . . , 
are (1/ fl L")-conjugacy classes in L' fl L" . Thus, 

imagefe) = U ie[lir]ije[lit] ( <5 'z£,< n ej). 

Here the set corresponding to i,j is empty unless e[, e" are contained in the same 
connected component X = Xij of L' fl L" . In that case we have 

6 c i^L'nL") and 5 "^L" C (^Z/nL")°- 
(Indeed, since L' fl L" is a Levi of a parabolic of L', we have Z^, fl ^£, nL// . Let 

x e e- C L' n L". We have a; = /'(£) for some X e if' n -Z£,cp>. If 2 e 5 ' Z%,, then 

-2 G Z£, nL „ and zx = x. Hence f'(z)f'(x) = f'(x)f'(z) that is, zx = xz so that 

z e Z£, nL „. We see that s ' ' Z° L , C -Z* ni „ hence s ' ' Z° L , C (Z^ nL „)°. Similarly, 

5 ".Z£„ C (Z^ nL „)°, as required.) 

Using now 1.24(a) we see that 5 Z^e^ fl s Z\ n t'- is a finite union of sets of the 

form ( 5 'Z° L , n S "Z° L „)5 where 5 is a (1/ n L") -conjugacy class in L' fl L" contained 
in X. We see that 

imagefe) = U ke[lM ( 5 ' Z° L , n 5 "^£»)4 

where 5i, #2, • • • , $ m are (1/ fl L")-conjugacy classes in V fl L" such that for any 
k, the connected component X k of V fl L" that contains 8 k satisfies 

5' 7 r X k7 and C X * ?° 

^L' ^ L'nL" d,Ilu ^L" ^ L'nL" • 

The inverse image under ^3 of a point zG .Z£, fl 5 ££„)<5fc is a product of two 
varieties of the type considered in (a) but for a smaller group (G replaced by V 
or L") hence by the induction hypothesis it has dimension < (c — dim5fc)/2 + (c — 
dim5fc)/2. Hence 

dim £3 1 {{ 5> Zl, n 6 "^£»)4) < c - dim 4 + dim(*'.Z£, fl <5 "z£„^) 

(h) 

= c-dim<J fc + dim( 5 'z£, n 5 "z£„) +dim5 fc < c + dim( 5 'z£,) = c + f 

where the equality comes from 1.23(a). Since this holds for each k G [1, m], we see 
that the variety in (e) has dimension < c + f. 
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Moreover, if the second inequality in (h) is an equality then O is good. (Indeed, 
in this case we have 5 Z Q L , = 6 Z^„ . Taking centralizers in G° for both sides of the 
previous equality and using 1.10(a), we obtain L' = L" hence O is good.) Thus 
(c) is proved (assuming the induction hypothesis). 

We show that (b) is a consequence of (d). Let z'(c) = {(g, Pi, P2) 6z';jG c}. 
If z'(c) = then the variety in (b) is empty and (b) follows. Hence we may assume 
that z'(c) 7^ 0. From (d) we have dimz'(c) < d! . We map z'(c) onto c by the first 
projection. Each fibre of this map is a product of two copies of the variety in (b). 
It follows that the variety in (b) has dimension equal to 

(dimz'(c) - dimc)/2 < (d' - c) /2 = u - u + - - - 

and (b) is proved. 

We show that (a) is a consequence of (b). Consider the variety {(g,P) G 
c x V; g G 7Tp 1 (cp)}. Projecting it to the g-coordinate and using (b) we see that 
it has dimension <v — z/+| + |. If we project it to the P-coordinate, each fibre 
will be isomorphic to the variety c n 7Tp 1 (cp) (with P G V fixed). Hence 

dim(c n TTp^Cp)) <v-v+^+^- dimV =\ + \- 

Now cfl7Tp 1 (cp) maps onto cp (via np) and each fibre is the variety in (a). Hence 
the variety in (a) has dimension < | + 1 — c = (c — c)/2. The proposition is proved. 

4.3. In the case where O is good, the variety in 4.2(e) is Z^cp' n Z£,cp» since 
V = L" . This is empty if Z£,cp/ 7^ Z^,cp" and is Z^cp* if Z^,c P / = Z^,cp». 
In the last case, it follows that zq is irreducible of dimension equal to d. 

4.4. The inequality in 4.2(b) can be reformulated as follows. Let us fix P e V and 
a P -conjugacy class Co in P with dimco = c. Let 5 be the connected component 
of P that contains Cq. Then for any g e c we have 

(a) dim{xP e G^P^x^gx G tt^Co)} < - f ) - (P - §)• 
We have the following variant of (a): 

(b) dim^Po e G*lPz\x- x gx G tt^^co)} < - f ) - (P - §)• 

This follows from (a) by observing that, for given g, there exist finitely many 
.P -conjugacy classes c 1 , c 2 , . . . , c* in P of dimension c such that 
x G G°,x~ 1 gx G npo^p c ) =>. x _1 5rx G ^(c 1 U • • • U c*). 

Since Z p cq = 5 Z p Co, it is enough to show that 

(c) 5 z| o c n7rp H (cnP ) 

is a union of finitely many P -conjugacy classes in P_ Q . (All P -conjugacy classes 
contained in Z P cq have dimension c.) Using 1.15(a) it is enough to show that 

the set of semisimple parts of the elements in (c) that is, 5 Z Po (cq) s fl7rp (c s DPq), 
is a finite union of (semisimple) P -conjugacy classes. This follow from the fact 
that c s fl Pq is a finite union of (semisimple) Po- con j u g ac y classes in P (see 1.27). 
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5. Some complexes on G 

5.1. We fix a prime number / invertible in k. We use the term "local system" 
instead of Qz-local system. For an algebraic variety V let V{V) be the bounded de- 
rived category of Qz-sheaves on V. For K G V(V) let WK be the i-th cohomology 
sheaf of K. 

5.2. Let C be an isolated stratum of G. For any integer n > 1, invertible in 
k, let S n {C) be the category whose objects are the local systems on C that are 
equivariant for the (transitive) Zq x 67°-action 

(a) (z, x) : g — ■> xz n gx~ 1 
on C. 

If a local system is in S n {C) then it is also in S n >(C) for any n' > 1 invertible in k 
such that n' G nZ. Let S(C) be the category whose objects are the local systems 
on C that are in S n (C) for some n as above. 

Lemma 5.3. Let C be an isolated stratum of G. Let C be the image of C under 
the obvious map n : G — > G ss (an isolated stratum of G ss ). Let C" be the image 
of C under the obvious map p : G G/G der , where G der is the derived group of 
G° (C" is a connected component of G/G der and an isolated stratum of G/G der ). 
The following two conditions for a local system £ on C are equivalent: 

(i) £ G S{C); 

(ii) £ ©™ l7r *^ <8> p*£" where £[ G 5(C), £■ G 5(C) are irreducible and 
tv : C — * C , p : C — * C" are the restrictions of tt, p above. 

The fact that (ii) implies (i) is immediate. We prove the converse. Let 'G = G/T 
where Y = Z%o^G d&r (a finite normal subgroup of G). The image 'C of C under the 
obvious map A : G — > 'G is an isolated stratum of 'G and A restricts to A : C — > 'C 
(a principal covering with group Y). Let £ be as in (i). Then A*£ G S('C) (note 
however that, if £ G 5 n (C), then A*£ is not necessarily in 5 n ('C)). We may assume 
that £ is irreducible. There is natural surjective map A*A*(£) — ► £. Since A*A*(^) 
is semisimple, £ is a direct summand of A*A*(^). We can find an irreducible direct 
summand '£ of the local system A*(£) on 'C such that £ is a direct summand of 
X*('£). We have canonically 'G° = G° / ' Z% x G°/G° der and 'C = C x C. It 
follows from the definitions that ' £ is an external tensor product £' M £" where 
£' G 5(C), £" G 5(C) are irreducible local systems. Since £" is irreducible and 
equivariant with respect to a transitive action of a connected commutative group, 
it has rank 1. Since n*£' is the inverse image of an irreducible local system under 
a smooth map with connected fibres, it is itself an irreducible local system. Since 
A*('£) = n*£' £g> p*£" is a tensor product of an irreducible local system and a rank 
1 local system, it is irreducible. It follows that £ = \*('£) = %*£' <g> p*£" . The 
lemma is proved. 

5.4. Let (L, S) G A. Let P be a parabolic of 67° with Levi L such that S C NqP. 
To simplify notation, in this section we set Y = Yl,s,Y = Yl,s- As in 3.14, let 
X = {(g, xP) EGx G°/P; x~ x gx G SU P }; let : X G be the first projection. 
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Let / be the obvious projection of the semidirect product (NqL n NqP)Up (see 
1.26) onto NqL fl NqP (a homomorphism of algebraic groups). 

Lemma 5.5. (g, xL) i— > ((7, xP) is an isomorphism 7 : F — ► _1 (y). 

We verify this only at the level of sets. Assume that (g,xL),(g',x'L) G K 
have the same image under 0. Then g = g' and x' = xp with p & P. We have 
x~ x gx G S*,x'~ 1 gx' G hence p~ 1 x~ 1 gxp G S 1 *. It follows that L(x~ 1 gx) = 
L = L(p~ 1 x~ 1 gxp) = p~ 1 L(x~ 1 gx)p = p~ x Lp. Thus, p~ x Lp = L so that p G L 
and xL = x'L. Thus, 7 is injective. 

To show that 7 is surjective it is enough to show that, if g G S 1 *, x G G° satisfy 
x~ x gx G <SC/p, then u~ 1 x~ 1 gxu G S 1 * for some u E Up or equivalently that, 

if g' G SUp, x G G° satisfy xg'x~ l G S 1 *, then u~ l g'u G S 1 * for some u G L/p. 
Now g' s G A G P is semisimple hence it normalizes some Levi of P (see 1.4(a)) 
that is, some £/p-conjugate of L. Hence, replacing g',x by u'~ l g'u',xu' for some 
v! G Up we may assume in addition that g' s G NqL fl NqP. We have o' = hv 
where h = f(g') G S, v G L/p and h s = f(g' s )- Since g' s G A G L fl A G -P we have 
f(9s) = 9's so that g' s = h s . Then h^g' G t/ P D Z G {g' s ) = U P D £ G (^)°. Using 
2.1(e), we see that T(#') = T(/i). By 1.22(b), we can find h' £ S such that /i s = fr' s 
and h'~ l h G Z G (h s )°. Then T(/i) = T(h'), by 2.1(e). Thus, T(g') = T(h'). By 
3.8(b) we have L C £(/i') = L(g'). Since xg'x~ x G S 1 *, we have L^xg'x -1 ) = L 
hence £(#') = x _1 Lx. Thus, L C x _1 Lx. Since L,x _1 Lx are irreducible of 
the same dimension, we have L = x _1 Lx. Hence NqL = x _1 A G Lx. Since 
xg'x' 1 G S* C A G L, we have o' G NqL. Thus, o' G A G L n S?7p hence o' G S. 
Since o' G x~ l S*x, we see that fl S 7^ 0. Now x -1 ^ is a stratum of NqL 

since x G NqL. Since <S is a union of strata of NqL one of which is S and the 
others have dimension < dim S, we see that x~ l Sx = S. This, together with 
x G A G L, implies that x~ x S*x = S* . Since g' G x~ 1 5'*x, we see that g' G S 1 *. 
Thus, 7 is surjective. The lemma is proved. 

5.6. Let £ G S(S). We define a local system £ on Y by the requirement that 
b*£ = a*£ where a(g, x) = (g, xL), b(g, x) = x~ x gx in the diagram 

Y A {(#,x) G G x G ;x~V G S*} 5. 

(We use the fact that a is a principal L-bundle and b*£ is L-equivariant.) For 
any stratum S' of NqL fl NqP such that 5" C S we set Ag/ = {(g, xP) G G x 
G°/P;x~ 1 gx G 5"t/ P }. Then A = Us>X s > (union over all 5" C S as above; 
there are only finitely many 5" in the union, see 3.7). By Lemma 2.8, each S' is 
an isolated stratum of NqL fl NqP. Note that each X$> is smooth, irreducible. 
We define a local system £ on Xs by the requirement that b'*£ = a'*£ where 
a'(g,x) = (g,xP), b'(g,x) = f(x~ 1 gx) in the diagram 

Xs ^- {(g, x)eGx G°; x- 1 gx G SU P } S 
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(We use the fact that a' is a principal P-bundle and b'*£ is P-equi variant.) It is 
easy to see that the restriction of £ to Y (identified with an open subset of X as 
in Lemma 5.5) is £. The intersection cohomology complexes IC(X, £) (on X) and 
IC(S,£) (on S) are related by 

(a) b"*IC(X,£) = a"*IC{S,£) 
where a"(g, x) = (g, xP), b"(g, x) = f(x~ 1 gx) in the diagram 

X <?— {(g, x) e G x G°; x~ l gx e SU P } S. 

Here a" is a principal P-bundle and b" is a locally trivial fibration with smooth 
connected fibres. We write <fi : X — > Y for the restriction of : X — > G. Here Y 
is the closure of Y in G 1 . Recall that we have a finite covering (principal bundle) 
tv : Y — » Y (see 3.13(a)) hence tt\£ is a well defined local system on Y. Thus 
IC(Y, tt\£) is well defined (on Y). 

Proposition 5.7. (f)\(IC(X, £)) is canonically isomorphic to IC(Y ,tt\£). 

Let K = IC(X,£) and let K* = IC(X,£*) where £* is defined like £ by 
replacing £ by the dual local system £* . Then K* is the Verdier dual of K with 
a suitable shift. Since <p is proper, it follows that <p\(K*) is the Verdier dual of 
<p\K with a suitable shift. We have K\y = £\y = £• Using Lemma 5.5, we see 
that 4>\K\y = tx\£. By the definition of an intersection cohomology complex we 
see that it is enough to verify the following statement. 

For any i > we have dimsuppH 1 (<j>\K) < dimY—i and dimsupp7i l ((/>!(if *)) < 
dimV — i. 

We shall only verify this for K; the corresponding statement for K* is entirely 
analogous. 

If g e y, the stalk H l g ((p\K) at g is equal to H t c ((p~ 1 (g) 1 K). We have a partition 
-1 (<7) = Lis / (4>~ 1 (g)r\Xs') where S' runs over the strata of NgLDNqP contained 
in S. If Hii^ig), K) ^ then H^-^g) n X$',K) ^ for some 5'. Hence it 
is enough to prove: 

For any i > and any 5" as above we have dim{g e F; -ff*(</> _1 ((7) fl -X5/, X) ^ 
0} < dimy - z. 

Assume first that 5" ^ S. If 1 ((?) fl Xs>,K) ^ then the hypercohomology 

spectral sequence for K on <f>~ 1 (g) fl -Xg/ shows that we can write i = ji + ji with 
j 2 < 2dim(</>- 1 G7)nAV) and^(K|^-i (3)nXs/ ) ^ hence H jl (K) \ x _ g , ^ 0. Using 
5.6(a), we see that Ti^^K) is a local system on Xg> (since W 1 IC(S ,£) is a local 
system on 5", which is a [Z\ x L)-orbit on N G Lf]N G P) . Thus, A> C supp^' 1 (K) . 
Since if = IC(X,£), it follows that ji < dim X - dim A> = dim 5 -dim 5'. Thus 
we have i < 2 dim(0 _1 ((7) fl Xg/) + dim S 1 — dim 5" and it is enough to show that 



dim{# e Y; dim(0 _1 (^) fl X s >) > - - -(dim 5 - dimS')} < dimy - i. 
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If this is violated for some i > 0, it would follow that the space of triples 

{(g,xP,x'P) G Y x G°/P x G°/P;x- 1 gx G S'U P , x'^gx' G S'U P } 

has dimension > dimy — i + i — (dim S 1 — dim 5") = dimG°/L + dim 5". This 
contradicts 4.2(c). 

Next, assume that S' = S. If (g) n X s , if) ^ then z < 2 dim^" 1 ^) n 

X5) since i^|^-i( g )nx s i s a local system. Hence it is enough to show that for i > 
we have 

dim{# G Y; dim^" 1 ^) n X s ) > ^} < dimy - i. 

Assume that this is violated for some i > 0. Thus, setting F = {g G Y; dim((/> _1 ((7)n| 
Xs) > §}, we have dimF > dimy — i. Then the space of triples 

{(g, xP, x'P) G F x x x _ V G SL/ P , G 5t/ P } 

has dimension > dimG°/L + dim 5 (and the last inequality is strict if dim/ 1 > 
dimy— i). From 4.2(c) we see that this space of triples has dimension < dimG°/L+| 
dimS" hence it has dimension equal to dim G°/L + dim 5, which forces dimF = 
dimy — i. We partition our space of triples into subsets by specifying the G°-orbit 
of (xPi -1 , x'Px' -1 ) (for simultaneous conjugation). By 4.2(c), the subset corre- 
sponding to a bad orbit has dimension < dimG°/L + dim 5". It follows that the 
subset corresponding to some good orbit has dimension equal to dimG ,0 /L+dim<S'. 
Thus there exists n G N G oL such that 
(a) 

{(g,xP,x'P) eFx G°/P x G /P;x~ 1 gx G SUp.x'^gx' G SUp-.x^x' G PnP} 

has dimension equal to dim G°/L + dim 5. By 4.3, the variety 
(b) 

{(g, xP, x'P) EGx G°/P x G°/P; x~ x gx G SU P , x'^gx' G SU P ; x~ x x' G PnP} 

is empty if nSn -1 7^ £ and is irreducible of dimension dim G°/L + dimS" if 
nSn -1 = S. It follows that we must have nSn -1 = S and the variety (a) is 
dense in the variety (b). It follows that F is dense in the image I of the variety 
(b) under the first projection. Hence dim / = dimy — i. If g G S* then (g, P, nP) 
belongs to the variety (b). Thus, S* C /. Since / is stable under G°-conjugacy, 
we must have Y G I. Thus, dim/ > dimy. It follows that dimy — i > dimy 
hence i < 0, contradicting i > 0. The proposition is proved. 

6. Cuspidal local systems 

6.1. In this section we fix an isolated stratum C of G. Let D be the connected 
component of G that contains C. 
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Lemma 6.2. Let P be a parabolic of G and let g G CHNqP . Let c P be the P/Up- 
conjugacy class of the image of g in NqP /Up . Let 5 = dimC— dim D Zq — dimcp. 
Then dim(C n gU P ) <6/2. Hence for any £ G S(C) we have H l c (C n gU P , £) = 
for i > 5. 

If y G gUp, then the semisimple elements y s ,g s normalize Up and are in the 
same C/p-coset hence, by a standard argument, are E/p-conjugate. Using the finite- 
ness of the number of unipotent classes in Za(g s ), see 1.15, we deduce that gUp 
is contained in the union of finitely many G°-conjugacy classes in G. It is then 
enough to show that for any G°-conjugacy class c in G such that c C C, we have 
dim(c fl gU P ) < \8. This follows from 4.2(a), since dimC = dime + dim D Z^, , 
see 1.23(b). 

6.3. Let £ G S(C). We say that £ is a cuspidal local system or that (C, £) is a 
cuspidal pair for G if, for any P, g as in 6.2, with P ^ G° we have H*(CngUp, £) = 
where 5 is as in 6.2. 

Lemma 6.4. Let £ G 5(C). Let us write £ = ®™ =1 n*£i <8> as w Lemma 5.3. 
Then (C,£) is a cuspidal pair for G if and only if (C ,£[) is a cuspidal pair for 
G ss for % = 1, . . . , m (with C' as in Lemma 5.3.) 

Since the property of being cuspidal is preserved by taking direct sums of local 
systems or by passage to a direct summand, we see that we may assume that m = 1. 
Next we note that, for P, g as in 6.2, we have (n*£[ ®p*£") \cn g u P — (^*^'i)\cr\gU P 
since (p*£") \cn g u P — Qi- Hence we may also assume that £'{ = Qi. We set 
£' = £[. We must show that (C,£) is a cuspidal pair for G if and only if (C',£') 
is a cuspidal pair for 67 ss . 

Assume that (C, £') is a cuspidal pair for G ss . To show that (C, £) is a cuspidal 
pair for G we must show that for any P, g as in 6.2 with P ^ G° we have H^(C fl 
gUp,£) = where 5 is as in 6.2. Let P = 7r(P), a proper parabolic of G® s . By 
assumption we have H^(C' fl ir(g)Up,£') = where C P is the P/£/p-conjugacy 
class of the image of 7r(g) in Nq ss P /U p and 5 = dimC — dim Cp. It is clear 
that 7r restricts to an isomorphism C fl gUp —> C' fl Tv(g)Up. Since dimC — 
dim^Z^o = dimC and dimCp = dimC P (Cp as in 6.2), we have 5 = 8. Hence 
H 5 C (C n gU P ,£) = Hl(C' n n(g)Up,£') and we see that (C,£) is a cuspidal pair 
for G. The reverse implication is proved in a similar way. The lemma is proved. 

6.5. Lemma 6.4 shows that the study of ccuspidal pairs for G can be reduced to 
the analogous problem for G ss . We will show that we can further reduce to the 
case of a unipotent class. 

Assume that G = G ss . Let £ G S(C). For any x G C s let C x = {u G 
Zc(x);u unipotent, xu G C}. Then Zqo(x) acts transitively (by conjugation) on 
C x . Let £ x be the inverse image of £ under C x — * C, u i— > i«. 

Lemma 6.6. T/ie following three conditions are equivalent: 
(i) (C, £) is a cuspidal pair for G; 
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(ii) there exists x G C s such that for some/any Zq(x) q -conjugacy class C in 
C x , the pair (C',£ x \c>) is cuspidal for Zq[x) . 

(in) for any x G C s and for some/any Z a (x)° -conjugacy class C in C x , the 
pair (C',£ x \c) is cuspidal for Zq[x). 

We prove (i) assuming that (ii) holds. Assume that we are given g G C and a 
proper parabolic P of G° such that g G NqP- The P/t/p-conjugacy class of the 
image g of g in N G P/Up is denoted by cp. We must show that H^(Cf]gUp : £) = 
where 5 = dimC — dimcp. Since g G N G (Up), we have g s G N G (Up) hence 
(g s Up) s = V where V = {vgsV -1 -^ G Up} C C s . Hence y i— > y s is a morphism 
/ : CdgUp — > V. Since / commutes with the conjugation action of Up on CDgUp 
and V, we have H*(CngU P ,£) = H 5 c ~ 2diraV {f- 1 {g s ), £). Now u h-> defines 
{u G C 3s ;-u G g u Up} —> / _1 ((7s) or equivalently, C 9s C\ g u UQ —> f~ 1 (g s ) where 
Q = PnZ G ( 5s )° (a parabolic of Z G (g s )° with U Q = U P nZ G (g s ) = U P nZ G (g s )°). 
It is then enough to show that H*~ 2dimV (C 9 ' H g u U Q ,E') = 0. (We have g u G 
NqQ fl Zoigs)-) Since Zao(g s ) acts transitively on C Ss , we see that C Ss is a 
disjoint union of finitely many Zcr((7 s ) -conjugacy classes. It is enough to show 
that for any such conjugacy class C we have H^~ 2dimV (C fl g u UQ,E') = 0. (If 
this holds for some C then it automatically holds for all C , by the transitivity of 
the Z,3o(<? s )-action on C 9s .) This would follow from (iii) provided that we verify: 

Q^Z G (g s )° and<S-2dimV = <r 
where cq is the Q/t/Q-conjugacy class of the image of g u in N Za (g a )Q/UQ and 
6' = dimC — dimcg. 

If Q = Za(g s )° then ZQ(g s )° C P. Hence g is not isolated, a contradiction. 

We now show that 5 — 2 dim V = 5' that is, dim C — dim cp — 2 dim V = dim C — 
dimcQ. Now Q/Uq = Z P / Up (g s )° and cq may be identified with the Z P / Up (g s )°- 
conjugacy class of g u in NqP/Up. Consider the morphism x \— > x s , cp — * (cp) s ; 
the fibre of this morphism at g s is the Z P / Up (^ s )-conjugacy class of g u in NqP/U p 
which has pure dimension dimcg. We see that dimcp — dimcQ = dim(cp) s . We 
also have dimC = dimC + dimC s . Thus dimC — dimcp — 2dimV — dimC + 
dimcQ = dimC s — dim(cp) s — 2 dim V. To prove that this is it is enough to show 
that (dimG — dim. ZQ{g s )) — (dimLi— dimZi J1 (g s )) — 2(dimt/p — dim Zjj p (g s )) = 
where L\ be a Levi subgroup of P normalized by g s . Since dimG = dimLi + 
2d\mUp it is enough to show that dim Zq^s) = Zi J1 (g s ) + 2 dim Zu P (g s )- This 
follows from the fact that Zcigs) is reductive and (g s )° is a Levi of a parabolic 
of Zcigs) with unipotent radical Z Up (g s ) (see 1.12(a)). This proves (i). 

We prove (iii) assuming that (i) holds. Let x G C s and let C be a Zg(x)°- 
conjugacy class in C x . Assume that we are given y G C and a proper parabolic 
Q of Zg(x)° such that y G N Zg ( x )Q- The Q/t^Q-conjugacy class of the image y 
of y in N Zg ( x )Q /Uq is denoted by cq. We must show that (C fl yUQ, £') = 
where 5' = dimC — dimcQ. It is enough to show that H% (C 9s fl g u UQ,£') = 0. 
Let g = xy = yx. We have g G C and x = g s ,y = g u . By 1.18(a), we can 
find a parabolic P of G° such that g G N G P and P n Z G (g s )° = Q. Clearly, 
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P 7^ G°. By the arguments and notation in the first part of the proof, we see that 
iff (C 9s fl g u UQ,£') is isomorphic to H^(C fl gUp,£) which is by assumption. 
This proves (iii). 

Now (ii) and (iii) are equivalent since G° acts transitively by conjugation on 
C s . The lemma is proved. 

6.7. Let A be a simple perverse sheaf on G. We say that A is admissible if the 
following condition is satisfied: there exists (L, S) e A, a cuspidal irreducible local 
system £ e S{S) and an irreducible direct summand £\ of the local system £ on 
Y" (with Y,£ defined as in 5.6 in terms of L,S,£), such that A is isomorhic to 
IC(Y : £x) [dim Y] regarded as a simple perverse sheaf on G (0 on G — Y). 
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